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Abstract

Selective State-Space Models (SSMs) such as Mamba have become central to long-sequence
modeling. Still, their stability is poorly understood: their state-space coeflicients are modu-
lated online by a token-dependent gating signal, making the recurrence neither linear time-
invariant nor classically nonlinear. We study continuous-time selective SSMs through pas-
sivity, dissipativity, and Input-to-State Stability (ISS), explicitly separating the selection
signal x(+) from the driving input u(-). We obtain four results: exponential forgetting under
strict dissipativity; a canonical AUC),. quadratic storage for the frozen-selection subsystem
that accommodates discontinuous gating; a parametric LMI together with universal kernel
constraints and “irreversible forgetting” under universal quadratic storage; and sufficient
conditions for global ISS uniformly over admissible selection schedules. We then bridge to
practice by deriving a sampled block LMI for the Mamba selective-scan core, which is used
as a differentiable training-time regularizer. Across seven standard time-series datasets and
four prediction horizons, the regularizer reduces sampled Mamba-core LMI violations by
roughly 92% in 28/28 pairs at a clean-MSE cost of less than 0.018%. It improves internal
Mamba passivity and state-norm diagnostics under injected perturbations. Our results turn
classical control-theoretic tools into verifiable structural and training criteria for selective
SSMs, while honestly scoping which guarantees transfer to a deep selective-scan architecture.

1 Introduction

Modern long-sequence models such as Mamba (Gu & Daol [2024), S7 (Soydan et al. |2024)), HGRN (Qin
et al., 2024)), and GLA (Yang et al., 2024]) are usually described as state-space recurrences whose coefficients
are not fixed but are computed online from each token. Concretely, in a continuous-time abstraction of these
architectures, we will work with

{h(t) = A(A(t), z(t)) h(t) + B(A(t), z(t)) u(t),
y(t) = C(A(t), z(1)) h(t),

where h(t) € CV is the recurrent state, A(t) is a gating signal, x(t) is a selection (or scheduling) signal that
determines the state-space matrices, and u(t) is the driving (port) input that appears in the energy supply
rate. In token-selective architectures, it is natural to set z(-) = u(-) (token, gate, and drive collapse into a
single signal), but, as we will see, it is analytically much cleaner to keep them separate.

(1)

The selectivity of A, B,C on z(t), and the typically piecewise-constant nature of the gating A(t), place
equation [l] in an awkward position. It is not a linear time-invariant system, nor a classical linear time-
varying (LTV) system, because the time-varying coeflicients are themselves data-dependent, and it is not a
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classical smooth nonlinear control system either, because gating introduces discontinuities. Existing analyses
of these architectures focus mostly on expressivity (Cirone et al., 2024; [Zubic et al.| 2025} [Zubi¢ et al., 2026)
or on Lyapunov-exponent-style stability arguments that treat the recurrence as a fixed dynamical system
per input (Halloran et all [2024]). What is missing is a unified energy-based account: when do these models
forget initial conditions, how should we measure “how much of the state matters”, and what does any of this
tell us about how to design or regularize a real Mamba implementation?

Passivity and dissipativity, in the sense of Willems (Willems| |1972} [Van der Schaft} 2000)), and Input-to-State
Stability (ISS) (Sontag et al. [1989; [Sontag & Wang), [1995; |Jiang et al., [1999), were developed exactly for
systems whose state interacts with an external port via a supply rate R({u,y). They are robust to time
variation, they have a natural notion of energy storage, and recent work (Morandin & Hinsen| [2024) has
shown that for passive LTV systems the minimal available storage is automatically quadratic, with controlled
regularity, even when the coefficients are merely LY . This is the right setting for selective SSMs: gating

produces L} = (in fact piecewise-constant) coefficients, and we want to talk about energy stored in the
recurrent state h(t).

A key conceptual move in this paper is to keep two signals separate. The selection signal z(-) schedules the
dynamics through A, B, C, while the port input u(-) drives the dynamics and appears in the supply rate
R(u,y). In a token-selective architecture, both roles are played by the same vector, x = u, but treating
them as one signal hides the structure of the problem: passivity and ISS quantifiers are statements about
all admissible u, while structural results about gating are statements about all admissible x at almost every
time. Once these quantifiers are separated, the LMI we will derive admits a natural reading as a parametric
condition that must hold for every selection value x that gating can produce, while u is absorbed by quadratic
completion.

Standard ingredients (used) What this paper adds (new)

Dissipative systems and passivity (Willems| [1972) A clean separation of selection x(-) vs. port input u(-) for

[Van der Schaft], [2000). selective SSMs, and a derivation of the implied passivity
constraints.

ISS theory and ISS-Lyapunov functions (Sontagl Global ISS w.r.t. u(-) uniformly over admissible selection

let al., 1989} |Jiang et al., [1999). schedules, under a uniform LMI on (A4, B,C) in z.

Quadratic storage for passive LTV systems with  Specialisation to the frozen-selection subsystem z(t) = 0
L} . coefficients (IMorandin & HinsenL |2()24D. of a selective SSM, yielding Qo € AUCj,. and rank-
monotonicity in the gated, switching regime.

KYP-type LMIs for LTV systems with given coefi- A parametric LMI in z that must hold uniformly over

cients (Kalman| (1963} |Anderson & Vongpanitlerd, all admissible selection values, and the derived universal

. kernel /unobservability and “irreversible forgetting” con-
straints.

Continuous-time analyses of deep SSMs 1 A discrete one-step dissipativity inequality and sampled

|et al.|, |2024t |Gu et al.L |2022|). block LMI for the Mamba selective-scan recurrence, used
as a differentiable regularizer on a real forecasting archi-
tecture (Section |§| and Section .

Table 1: Standard control-theoretic ingredients we leverage, vs. what this paper contributes for selective
SSMs.

Concretely, we make the following contributions.

1. A clean two-signal model. We formulate continuous-time selective SSMs as port-Hamiltonian-
style systems with selection signal z(-) and driving input u(-), under mild L}  regularity that is
satisfied by piecewise-constant gating (Section .

2. Forgetting from strict dissipativity. We show that state-strict dissipativity (8 > 0) plus
quadratic bounds on a storage functional implies exponential decay of homogeneous trajectories,
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uniformly over admissible selection schedules (Theorem [4.1]). This is our formal statement of “for-
getting” for selective SSMs.

3. Frozen-selection structure. We show that freezing the selection (z(t) = 0) yields a genuinely
passive LTV input—output subsystem, whose minimal available storage is necessarily quadratic with
AUC, regularity, even under discontinuous gating (Theorem [4.2)). This identifies a canonical in-
trinsic energy structure of selective SSMs and explains why principled initializations such as HiPPO
(Gu et all [2020) matter (Section [).

4. Structural consequences of universal quadratic storage. Under the strong but analytically
informative hypothesis that a single quadratic storage certifies passivity for all admissible selection
schedules, we derive a parametric LMI in z (Theorem and universal kernel/unobservability
conditions on gating, and we formalize “irreversible forgetting”: once a state direction is energy-less,
structure prevents any selection from making it observable again (Theorem .

5. Robust stability under driving inputs. We give sufficient conditions for global ISS with respect
to u(-), uniformly over admissible selection schedules (Theorem [7.1)). This is the practically useful
counterpart of the structural results.

6. Continuous-to-discrete bridge for Mamba. We translate the continuous-time LMI into a
one-step discrete dissipativity inequality and a sampled block LMI on the Mamba selective-scan
recurrence (Section @ The largest positive eigenvalue of this matrix is differentiable with respect
to the model parameters, yielding an explicit Mamba-core regularizer.

7. Empirical validation on a real Mamba/SST architecture. On seven standard forecasting
datasets (ETThl/2, ETTm1/2, weather, electricity, traffic) and four prediction horizons, we evaluate
the discrete LMI regularizer inside SST (Xu et al.}[2025)), which uses Mamba as its long-range expert.
Across all 28 dataset—horizon pairs we observe roughly 92% reduction in mean Mamba-core LMI
violation while clean MSE remains within 0.018% of the unregularized baseline. We also show
a conservativeness ablation in which a learnable diagonal storage P = diag(q) Pareto-improves
over P = I in 28/28 pairs at no measurable accuracy cost, and a robustness study under injected
perturbations (Gaussian noise, spikes, block masks, amplitude shifts, last-value-hold) where the
regularizer improves internal Mamba passivity and state-norm diagnostics but does not by itself
produce a robust-MSE improvement (Section .

8. Honest scoping of a router-energy ablation. We additionally test whether the SST router can
learn an energy-aware long/short selection schedule by adding a stability-aware penalty. The penalty
preserves clean accuracy and consistently nudges the Mamba branch downward, but the train-time
correlation between Mamba weight and local LMI violation is essentially zero on aggregate and
inconsistent in sign across datasets. We report this as a neutral result and as a concrete pointer to
perturbation-aware router training (Section |8, Appendix [C.5]).

Reading guide and what is structural vs. practical. Sections are the continuous-time analysis.
Section [4] establishes baseline forgetting and the canonical quadratic structure of the frozen-selection subsys-
tem; this is the part that justifies, in energy-based terms, why initializations such as HIPPO are well-behaved.
Section [5] examines what happens when a single quadratic storage is required to certify passivity uniformly
over selection schedules; the resulting parametric LMI and irreversible-forgetting picture is a strong but
useful sufficient lens, not a claim that every Mamba in the wild satisfies it. Section [7]is the practically useful
global ISS result. Section [6] connects this to the actual Mamba selective-scan recurrence, and Section
reports the empirical evaluation on SST.

We emphasize from the outset that our empirical claim is intentionally narrow. The continuous-time theorems
give structural and ISS guarantees under explicit hypotheses. The discrete LMI we derive in Section [f] is
a sampled, locally-linearized criterion on the Mamba selective-scan core, not a passivity certificate for the
full deep network with normalization, residual connections, and routing. Accordingly, in Section |8 we report
what the regularizer actually does: it substantially reduces sampled Mamba-core LMI violations and improves
internal stability diagnostics with negligible clean-accuracy cost, and we are explicit about what it does not
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yet do (e.g., produce a robust-MSE improvement, or induce a strongly energy-aware router schedule). All
formal proofs are deferred to Appendix [A] the original toy simulations that illustrate the continuous-time
theory are in Appendix [B] and extended experimental details are in Appendix [C}

2 Related Work

The analysis of stability and energy-based properties in dynamical systems has a rich history, and most of
the technical ingredients we use are classical. Our goal in this section is to make precise which of those
ingredients we leverage and where our contribution lies relative to them. The high-level summary is in
Table [l of Section [l

2.1 Dissipativity, Passivity, and LTV Systems

The foundational theory of dissipative systems, pioneered by Willems| (1972), provides a general framework
for analyzing systems based on energy-like storage functions and supply rates. Passivity, a special case
where the supply rate is the input—output inner product, is central to understanding robust stability and
interconnection (Van der Schaft} [2000)). The Kalman—Yakubovich-Popov (KYP) lemma established a vital
link between frequency-domain passivity conditions and state-space properties for LTI systems (Kalman),
1963; [Popov, [1961)), and was later extended to LTV systems, often involving time-varying Riccati equations
or differential/integral inequalities (Anderson & Vongpanitlerd, 2013]).

Particularly relevant to our setting is recent work by |[Morandin & Hinsen| (2024, which rigorously investigates
quadratic storage functions for passive LTV systems under minimal reqularity assumptions on the coeflicients
(A,B,C,D). Two of their results matter for us. First, every passive LTV input—output system in their
setting admits a minimal quadratic available storage induced by a matrix function Q € AUCj,.. Second,
this minimal @ has weakly non-increasing rank in time. Our use of these results is specific: we apply them
to the frozen-selection input—output subsystem of a selective SSM (Section, where they immediately yield
a canonical intrinsic energy structure of AUC),. regularity even when the gating signal A(t) is piecewise-
constant. We do not extend this LTV theory, what we add is the recognition that selective SSMs contain
such a passive LTV subsystem after we separate the selection signal from the port input, and the structural
consequences this has on gating (Section .

2.2 Stability of Time-Varying and Switched Systems

The input-selectivity of modern SSMs creates dynamics that behave like switched systems, where the “switch-
ing signal” is the input data itself. This necessitates tools for analyzing systems with discontinuous parameter
changes (Liberzon [2003), such as methods involving common or multiple Lyapunov functions (Branicky,
1998). The formalisms of [Filippov| (1988)) and (Coddington et al.| (1956) provide the theoretical bedrock
for guaranteeing that solutions to our system exist under the mild L{ = regularity we assume, which is, in
particular, satisfied by piecewise-constant gating. Our work builds directly on this foundation. We move
beyond proving solution existence to ask how a single, coherent energy structure, an AUC),. quadratic stor-
age function, can persist across these data-driven switches, and what structural constraints this persistence
imposes on the gating mechanism of a selective SSM.

2.3 Input-to-State Stability (ISS) for Nonlinear Systems

The ISS framework (Sontag et al.l 1989} [Sontag & Wang), 1995} |Jiang et al., [1999) provides a robust notion
of stability for nonlinear systems subject to external inputs, characterized by ISS-Lyapunov functions. It
quantifies how the system state is affected by both initial conditions and input magnitudes. While classical
ISS theory often assumes smooth dynamics, its principles transfer naturally to selective SSMs after we make
the two-signal decomposition explicit: the selection signal z(:) renders the dynamics schedule-dependent,
and the port input u(-) enters as the perturbation in the supply rate. Our contribution in this direction
(Theorem adapts ISS-Lyapunov reasoning by seeking a common quadratic Lyapunov function whose
decay condition holds uniformly across all admissible selection values, giving a specific and verifiable condition
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under which the selective SSM is globally ISS w.r.t. u(-). Conceptually, this is a direct application of standard
ISS technology; the work is in stating the right uniform-in-z hypothesis.

2.4 Discretization, Sampled-Data, and Mamba-style Selective Scans

A separate strand of control-theoretic work concerns the conditions under which continuous-time stability
or passivity properties survive sampling and discretization. For LTV and switched systems, sampled-data
passivity has been studied extensively (Liberzon) [2003; |Anderson & Vongpanitlerd| [2013). The exact dis-
cretization used in Mamba’s selective scan (Gu & Daoj, 2024) can be viewed as a particular zero-order-hold-
style sampling rule applied per token, with input-dependent step size A(t). In Section |§| we use this view
to write the Mamba selective-scan recurrence as a one-step affine update, and to derive a sampled block
LMI on its parameters that plays the role of the continuous-time LMI from Theorem [5.2} We do not claim
novelty in the general principle of sampled-data passivity, what is new is the explicit instantiation for the
Mamba selective-scan core and its use as a differentiable training-time regularizer.

2.5 Stability and Dynamics of Modern SSMs in Deep Learning

Recent deep learning SSMs such as S4 (Gu et al., 2022)), S5 (Smith et al., [2023)), and particularly Mamba
(Gu & Daol [2024) (and its variants), have shown remarkable performance, and theoretical analyses are
emerging. Halloran et al.| (2024)) analyzes Mamba’s stability via Lyapunov exponents, showing non-positive
maximal exponents and inferring robustness to small perturbations. Our work is complementary: instead of
an exponent-based diagnosis of an already-trained Mamba, we provide explicit dissipativity-based conditions
and a discrete LMI that can be evaluated, and used as a regularizer, during training of a real Mamba-based
architecture (Section @, Section . Other works connect selective SSMs to controlled differential equations
and rough-path theory to explain expressivity (Kidger et al., |2020; |Lyons, 2014; |Cirone et al.l |2024; |Zubic
et al., [2025; |Zubi¢ et al.l 2026). While the present paper takes a different (energy-based, control-theoretic)
angle, these works underscore that selective SSMs sit at a rich mathematical intersection, and we view
our contribution as another concrete bridge between that mathematics and the design of selective-scan
architectures.

3 Preliminaries: Selective SSMs and Passivity Framework

This section introduces the continuous-time selective SSMs that are the focus of our analysis, along with
the fundamental control-theoretic concepts that underpin our approach. To make the rest of the paper
easier to read for an ML-oriented audience, we first introduce the small piece of notation that will recur
throughout (Section, then explain selective SSMs intuitively (Section before formalizing them as the
system equation [2| and finally give the energy-based definitions (passivity, dissipativity, quadratic storage)
that the analysis is built on.

3.1 Notation at a Glance

We collect the recurring notation in Table[2] The most important point is the distinction between two signals:
z(+) is the selection (scheduling) signal that determines the time-varying coefficients A, B, C at each time,
while u(-) is the driving (port) input that appears in the supply rate $(u, y). In token-selective architectures,
these are typically the same vector (u = x), but the analysis is much cleaner when we keep them separate,
see the remark after equation [2| For matrices and vectors, M* denotes the Hermitian (conjugate) transpose;
|lv]| is the standard Euclidean norm; (u,v) = v u is the inner product; and S” (C) denotes the cone of n x n
Hermitian positive-semidefinite matrices, with ¢ > 0 used as shorthand for @ € S’} (C).

3.2 Selective SSMs, Intuitively

Modern selective architectures such as Mamba (Gu & Dao, [2024), HGRN (Qin et al.,|2024)), and GLA (Yang
et al.l |2024)) can all be described, at a continuous-time level of abstraction, in two steps:
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Symbol Meaning

T C [0, +00) Continuous-time interval on which the system evolves.

h(t) € CV Recurrent state of the selective SSM.

z(t) € Chn Selection (scheduling) signal that parametrizes A, B, C via gating.
u(t) € Cdn Driving (port) input; appears in the supply rate R(u, y).

y(t) € Chn Output of the selective SSM.

A(t) Auxiliary gating signal modulating A, B, C together with z(¢).

Aes(t), Begr(t), Cerr(t)  Effective time-varying matrices obtained by substituting the current A(t)
and z(t) into A, B, C (Section .

V(t, h) Storage function (energy-like, non-negative).

Vo(t,h) = R Q(t)h  Quadratic storage induced by a matrix function @ : T — S¥(C).

B8>0 State-strict dissipativity rate; 8 > 0 implies intrinsic energy loss.

AUCioc Locally absolutely upper semicontinuous matrix functions (Morandin &
Hinsenl, 2024)); supports controlled jumps.

Ker(Q(t)) Kernel of the storage matrix at time ¢ (“energy-less” state directions).

Table 2: Notation used throughout the paper. The single most important convention is the separation of
the selection signal x(-) (which schedules A, B, C) from the driving (port) input u(-) (which appears in the
supply rate).

(i) A small neural network reads the current token (or, more generally, the current selection signal
x(t)) and an auxiliary gating signal A(t), and produces, at every time ¢, a triple of matrices
(A,B,C)(A(t),z(t)). These matrices are not learned per token from scratch but are computed
online from the inputs.

(ii) These data-dependent matrices are then plugged into a continuous-time linear recurrence on a hidden
state h(t), so that the recurrence is locally linear in h but globally non-stationary because (A, B, C)
change with z(t) and A(t).

This is what makes selective SSMs distinctive: the recurrence is linear in the state but schedule-dependent,
with the schedule chosen by the data. In particular, the gating signal A(¢) is typically piecewise-constant
(one value per token), so the effective coefficient matrices undergo discontinuous jumps. This is the regime
where AUC).-style assumptions on the storage matrix become natural, rather than smoothness assumptions.

In practice, the selection signal x(t) and the input that drives the system are often the same vector: a token,
treated both as a query for the gating network and as the recurrent input. We will keep the two roles
separate at the level of notation, because passivity statements are clearest when “what schedules A, B, C”
and “what appears in the supply rate” are not conflated. Whenever we want the token-selective regime, we
simply specialize to the coupling u(-) = z(-) at the end.

3.3 System Definition and Assumptions

We consider dynamical systems evolving in continuous time ¢ € T, where T C [0,400) is a time interval.
The internal state of the system at time ¢ is denoted by h(t) € C¥ (or R¥ in real-valued cases). A key point
for our passivity analysis is to distinguish between: (i) a driving (port) input u(t) € C%» which is the signal
that appears in the supply rate R (u,y), and (ii) a selection (scheduling) signal x(t) € C%» (e.g. the token
embedding) that parametrizes the time-varying matrices via input-dependent gating

The system produces an output y(t) € C%». For matrices and vectors, M denotes the Hermitian (conjugate)
transpose. The standard Euclidean norm of a vector v is ||v||, and the inner product of two vectors w, v
is (u,v) = v¥u. We denote the space of n x n Hermitian positive-semidefinite matrices by S7(C); for
Q € S (C), we write Q > 0.

I Throughout Sections we assume dout = din S0 that (u,y) and the passivity LMI blocks are dimensionally well-defined;
this is the common setting in sequence models where the recurrent channel has matched input/output width.
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Our work focuses on Continuous-Time Selective SSMs. Inspired by architectures such as Mamba (Gu &
Daol, [2024]), their defining characteristic is that the system’s core parameters are dynamically modulated by
the selection signal x(t) and an auxiliary gating signal A(t). Formally, the dynamics are given by:

w(t) = A(AW), =) ht) + B(A®), 2(1)) u(?),

2

y(t) = C(A(@), =(t)) h(). )
The equation [2| should be read as “a continuous-time abstraction of a selective scan”: at each time ¢,
the gating mechanism produces (A(t), z(t)), these are fed into the per-architecture maps that produce the
matrices A, B,C, and the resulting linear update acts on the recurrent state h(t) with u(t) as the driving
input. We will refer to the substituted matrices Aeg(t) = A(A(t),x(t)), Be(t) == B(A(t),z(t)), and
Cer(t) == C(A(t),x(t)) as the effective time-varying matrices: they are what the recurrence actually sees
once the gating mechanism has produced its outputs at time ¢. The next subsection states the regularity
assumption we make on these effective matrices to guarantee well-posedness.

Remark 3.1 (Coupled-input selective SSMs). In many token-selective architectures, the same signal both
selects the parameters and drives the dynamics; this corresponds to the special case u(-) = z(-). In this
paper, we keep u(-) and z(-) conceptually distinct to make the quantifiers in the passivity analysis explicit.
Any condition proved for all admissible pairs (z(-),u(-)) remains valid (as a sufficient condition) under the
coupling u = x.

3.4 Well-Posedness and Function Space Assumptions

To ensure the system equation [2] is well-defined even with discontinuous parameter changes, we adopt mild
regularity conditions. For any admissible input trajectory z(-), let Aeg(t) :== A(A(t), z(t)) (and similarly for
Beft, Cor). We assume the effective matrices belong to standard Lebesgue spaces: Aeg(-) € Ll ., Beri(-) €
L} ., and Ceg(-) € L% ., with the selection signal z(-) € L% and the driving input u(-) € L% .. These
conditions ensure that the ODE for h(t) satisfies Carathéodory conditions, guaranteeing the local existence

and uniqueness of an absolutely continuous solution h(-) € VV&)C1 (Filippovl, |1988; |Coddington et al., [1956]).

Remark 3.2 (Feasibility of Regularity Assumptions). These assumptions are mathematically mild and
readily satisfied by modern selective SSMs. In token-based architectures such as Mamba, the selection
mechanism yields system matrices that are piecewise-constant. Such functions are well-behaved members
of the LI = spaces, confirming that our framework is grounded in practical implementations while being
general enough for future architectures.

3.5 Passivity and Dissipativity

We analyze the system equation [2 using the powerful energy-based frameworks of passivity and dissipativity
(Willems), [1972). Intuitively, a passive system cannot generate its own energy. It can only store or dissipate
energy supplied from its input. A strictly dissipative system is even stronger, as it inherently loses energy
over time. These concepts are formalized in the following definitions.

Definition 3.3 (Storage Function). A function V : T x CV — R is a storage function if it is non-negative,
ie., V(t,h) >0 for all (¢,h), and typically V(¢,0) = 0.

Definition 3.4 (Passivity). The system equation [2]is passive if there exists a storage function V' such that
for all admissible trajectories on any interval [¢o, T':

T
V(T,n(T)) =V (to, h(to)) < Re (u(7),y(7)) dr. (3)
to
The term Re (u(7),y(7)) is the instantaneous power, or supply rate, provided to the system.

Definition 3.5 (Strict Dissipativity). The system is strictly dissipative with rate 8 > 0 if it satisfies the
stronger inequality:

T T
V (T, h(T)) =V (to, h(to)) g/ Re (u(T),y(1)) dr — B/t |h(7)||? dr. (4)

to



Published in Transactions on Machine Learning Research (07/2026)

A positive § implies an intrinsic rate of energy dissipation, which is crucial for proving strong stability
properties like exponential decay. Given the absolute continuity of h(-) and local Lipschitzness of V' in h,
these integral inequalities have corresponding differential forms: %V < Re (u,y) for passivity, and %V <
Re (u, y) — B||h||* for strict dissipativity.

3.6 Quadratic Storage Functions and AUC Regularity

A significant portion of our analysis focuses on quadratic storage functions of the form Vg (¢, h) = 1hH Q(t)h,
where @ : T — S¥(C) is a time-varying matrix. The regularity of Q(¢) is critical in our setting, as the gating
mechanism can induce discontinuities in the system dynamics.

To handle this robustly, we consider Q(t) to belong to the class of Locally Absolutely Upper Semicontin-
uous matrix functions, denoted @ € AUC,c(T, SY(C)), following the framework of (Morandin & Hinsen,
2024). For our purposes, AUC),. allows controlled discontinuities and ensures Q(t) exists a.e. Under the
additional hypothesis that @) induces a universal quadratic storage for a passive LTV subsystem implies
further structural constraints, including rank monotonicity (Theorem [5.1f). This property is the foundation
for the “irreversible forgetting” we analyze later. Formally, a function Q € AUC,. is characterized by being
of locally bounded variation (BVi.), having a derivative Q(t) that exists almost everywhere, and satisfying
certain integral and jump conditions. The key property that enforces rank monotonicity is that the singular
part of its decomposition must be weakly monotonically decreasing in the Loewner order (e.g., at any jump,
lim,_,;- Q(7) = Q(t)). This mathematical structure is precisely what makes the framework suitable for
analyzing switched systems while retaining essential properties about their energy evolution.

4 Stability and Structural Properties from Passivity

We establish foundational stability guarantees and explore the core structural properties of passive selective
SSMs. We begin by analyzing the homogeneous frozen-selection case, where the selection signal is fixed
to a reference value x(t) = 0 and the port input is turned off u(t) = 0. The resulting dynamics h(t) =
A(A(t),0)h(t) are determined entirely by the model’s initialization, allowing us to isolate and understand
its intrinsic stability and memory properties. As we demonstrate in our simulation study in Appendix
B:1] this baseline behavior is a powerful predictor of a model’s practical performance, and it underpins
the empirical observation that the LMI-regularizer introduced in Section [6] preserves clean MSE in our
SST/Mamba experiments (Section . We first show how strict dissipativity leads to exponential forgetting,
and then prove that the unforced dynamics possess a fundamental, well-behaved quadratic energy structure.

4.1 Exponential Decay from Strict Dissipativity
The most fundamental stability guarantee arises when the system intrinsically dissipates energy faster than
it stores it, even with zero input. This leads to exponential convergence of the state to the origin.

Theorem 4.1 (Exponential Decay from Strict Dissipativity). Consider the continuous-time selective state-
space model defined in Eq. equation [2l Suppose there exists a storage functional V : [0,00) x CV — R>g
satisfying:

(i) Strict Dissipativity Inequality: For some constant 8 > 0, every admissible pair (z(-),u(-)) and
the corresponding state—input—output trajectory {h(7),u(7),y(7)} on any interval [ty, T] satisfies:

T T
VT, W(T)) - V(to, h(to))g/ Re (u(r), y(7)) dT—B/t h(7)||2 dr. (5)

to

(ii) Regularity and Quadratic Bounds: V (¢, h) is locally Lipschitz in h, absolutely continuous in ¢
along system trajectories, and there exist constants ko > ky > 0 such that for all ¢ > 0 and h € CN:

kil[hl> < V(t,h) < ko|[B]1%. (6)
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Then, for any admissible selection schedule z(-), the corresponding homogeneous (zero port-input) trajectory
(i.e., when u(t) = 0 for ¢ > 0) exhibits exponential decay: there exist constants C' > 1 and 7 > 0 such that
for any initial state 4(0), the solution satisfies:

[R@)] < Ce™ " [|R(0)]|  for all £ > 0. (7)
Proof Sketch. The proof considers the system without port input, i.e., v = 0 (so the supply term Re (u,y)
vanishes). In this case, the strict dissipativity inequality simplifies to %/ < —p||h||?. Since the energy

function V is assumed to be quadratically bounded, satisfying k1 ||h||? <V < ks||h||?, this implies %/ <V
for some constant v > 0. This is a classic differential inequality whose solution is an exponential decay. The
bounds on V' then directly translate this exponential decay of energy into an exponential decay of the state
norm ||A(¢)||. Check Appendix for the full proof. O

ML implication. For a selective SSM, this is the formal statement of “forgetting”: as long as the archi-
tecture admits any storage functional V' with strict dissipativity (8 > 0) and quadratic bounds, the recurrent
state decays exponentially in the absence of external drive, irrespective of which selection schedule x(-) the
gating produces. Whether such a V' ezists is a property of the architecture and its initialization; the storage
functional we will exhibit in Section (and use as the reference energy for HiPPO-style initialization in
Appendix s one concrete witness.

4.2 Inherent Quadratic Structure and Regularity in Frozen-Selection LTV Dynamics

While Theorem [£.1] guarantees stability under strict dissipativity, it does not specify the form of the storage
function V. We now connect selective SSMs to the passive LTV framework of Morandin & Hinsen| (2024]).
The key point is that the results of Morandin & Hinsen| (2024)) apply to input—output LTV systems of the
form

h(t) = A@h(t) + B(t)u(t),  y(t) = C(t)h(t) + D(t)u(t), (8)

with mild regularity on (A, B,C, D) and passivity defined via the supply rate R (u,y) (Morandin & Hinsen),
2024, Eq. (1), Def. 1.1). Accordingly, instead of removing the input channel, we freeze the selection signal
(e.g., set z(t) = 0) and obtain a genuine LTV input—output subsystem with port input «(-). For passive LTV
systems, the available storage is finite and coincides with a minimal quadratic storage V, (¢, h) = %hH Q(t)h
with @ € AUC),. (Morandin & Hinsen, [2024, Def. 4.1, Cor. 4.3). Evaluating this quadratic storage along
homogeneous (zero port-input) trajectories u = 0 yields a canonical quadratic energy functional for the
frozen-selection baseline dynamics (i.e., z = 0 and v = 0).

To prove this, we leverage the concept of the available storage function, which represents the maximum
energy that can be extracted from the system from a given state. It is a standard result in dissipativity
theory that if any storage function exists, then the available storage function is well-defined and is itself a
valid storage function (see Appendix . The following theorem connects this concept to the structure of
selective SSMs.

Theorem 4.2 (Existence and AUC,, regularity of a minimal quadratic storage for the frozen-selection LTV
subsystem). Consider the selective SSM equation [2] with selection signal z(-) and driving input u(-). Assume
the coefficient maps satisfy the standard well-posedness regularity: for admissible z(-) we have

AA(),2()) € Lioe(T),  B(A(), () € Lige(T),  C(A(), () € Lige(T),

loc loc

and u(-) € L2 (T). (Here D = 0, hence D € L° holds trivially.)

loc loc

Suppose there exists a storage functional V : T x CN — R>o with V(¢,0) = 0 such that for some 5 > 0 the
dissipativity inequality

T T
V (T, h(T)) =V (to, h(to)) < / Re (u(r), y(r)) dr — B / In(r)|? dr (9)

holds for all admissible pairs (z(-),u(-)) and all corresponding trajectories of equation (In particular,
dropping the nonpositive term —3 [ ||h|? yields the standard passivity inequality with supply rate R (u,y).)
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Fix the frozen-selection signal z(t) = 0 and define the associated LTV input—output system

{ ZSZ):ACSO(%Q; Bo(t)u(®), where  Ag(t) = A(A(1),0), Bo(t) = B(A(1),0), Co(t) = C(A(L), 0).
(10)
Then the following hold:

(a) Passivity of the frozen-selection LTV system. The LTV system equation [10|is passive in the
sense of Morandin & Hinsen| (2024, Def. 1.1). Indeed, restricting equation [9] to z(-) = 0 yields a
dissipation inequality for every state—input—output solution (h,u,yo) of equation

(b) Existence of minimal quadratic available storage. Let V, o denote the available storage of
equation (10| in the sense of [Morandin & Hinsen| (2024, Def. 4.1). Since equation [10|is passive and
satisfies the regularity assumptions of Morandin & Hinsen| (2024, Eq. (1)), its available storage is
finite and coincides with a quadratic storage,

Va,O(tah) = %hHQO(t)}%

for some matrix function Qg : T — Sf (C), and V, is minimal among all storage functions
(Morandin & Hinsen), 2024, Cor. 4.3).

(¢c) AUCjoc regularity of Qo(t). The inducing matrix function can be chosen with AUC),. regularity:
Qo € AUC,o.(T, ST (C)),

again by Morandin & Hinsen| (2024, Cor. 4.3).

Finally, the homogeneous (unforced) dynamics of the frozen-selection system correspond to setting u = 0
in equation ie., h= Ap(t)h. If, in addition, V satisfies the hypotheses of Theorem (strict dissipa-
tivity 5 > 0 and quadratic bounds), then these homogeneous trajectories decay exponentially as stated in
Theorem [F11

Proof Sketch. The frozen-selection system equation [I0]is an LTV input—output system of the form
h(t) = Ao()h(t) + Bo(t)u(t),  wo(t) = Co(t)h(t) + Do(t)u(t),

with Dy = 0. Under our assumptions we have Ag € Li ., Bo,Co € L}, and Dy € LS, hence equation
fits the setting of Morandin & Hinsen| (2024, Eq. (1)).

Since equation [9] holds for all admissible (x(-),u(-)), it holds in particular when restricting to z(-) = 0.
Dropping the nonpositive term —f [ ||h]|? yields the passivity dissipation inequality of Morandin & Hinsen|
(2024, Def. 1.1) for equation [10] so the frozen-selection LTV system is passive.

For passive LTV systems, [Morandin & Hinsen| (2024, Cor. 4.3) shows that the available storage (Morandin;
Def. 4.1) is finite and coincides with a minimal quadratic storage V,o(t,h) = $hQo(t)h
with Qo € AUCjec. Finally, the homogeneous dynamics correspond to fixing v = 0 (cf. Morandin & Hinsen|
Sec. 2.1)), and exponential decay under strict dissipativity follows from Theorem [4.1 O

ML implication. This is the canonical intrinsic energy of a selective SSM at its initialization. Once the
gating mechanism produces piecewise-constant matriz updates (A(t) is piecewise-constant per token), the
matriz Qo(t) that measures “how much state has been usefully stored” is in AUC)oc: it can jump, but only
in controlled (Loewner-monotone-decreasing) ways. This is exactly the mathematical regularity needed for
principled initializations such as HiPPO to behave well as a baseline energy landscape on
which the input-driven selection then operates. Empirically, we observe in Appendiz [B.]] that initializations
admitting such a well-conditioned Qo (HiPPO-style) yield slow, stable energy decay under input removal,
while initializations failing this admit no valid Qo and diverge. The discrete-time analogue of this storage
matriz becomes the matriz P that we regularize in Section [0 and Section[8.

10
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5 Constraints Imposed by Universal Quadratic Passivity on Gating Mechanisms

Building on the foundational properties of the unforced system, this section studies the inherent design
constraints of selective SSMs. We investigate the consequences of a strong but informative assumption: that
a single, universal quadratic storage function Vi (¢, h) guarantees passivity across all possible selection-driven
(schedule-dependent) dynamics. The power of this assumption lies not in its generality, but in the strict,
necessary consequences it imposes on the gating mechanism. This approach allows us to derive concrete
constraints in the form of LMIs and to formalize a notion of "irreversible forgetting".

We emphasize from the outset that the universal-storage hypothesis is a sufficient structural condition: it is
what we use to expose what passivity “would have to” force on a selective SSM if a single quadratic energy
were sufficient to certify it for every gating decision. We do not claim that every Mamba in the wild satisfies
it; rather, the hypothesis isolates a clean structural picture (a parametric LMI in z, kernel/unobservability
constraints, and irreversible forgetting) which then motivates, in Section @ the discrete LMI we use as a
differentiable training-time regularizer on a real Mamba-based architecture, where the LMI is enforced as a
soft constraint rather than as a fact about the architecture.

5.1 Regularity and Rank Monotonicity of Universal Quadratic Storage

If a single quadratic function Vg is capable of certifying passivity regardless of the input-driven variations
in system parameters, the matrix Q(¢) defining this function must possess inherent structural regularity and
obey specific monotonicity properties.

Theorem 5.1 (Regularity and Rank of Universal Quadratic Storage). Consider the continuous-time selective
SSM equation [2] under the standard regularity assumptions. Suppose there exists a time-varying quadratic
storage function Vg(t,h) = ShQ(t)h (with @ : T — SY(C)) that satisfies the dissipativity inequality
(which implies passivity by dropping the nonpositive term):

Vo (T, MT)) = Vo (to, hlto)) < [ Re(u(r),y(r)) dr =5 | |[n(r)|* dr (11)

to tO

for some 8 > 0, valid for all admissible pairs (x(-), u(-)) and all corresponding state-input—output trajectories
{h(7),u(7),y(7)} of equation [2| Then, the matrix function Q(¢) must satisfy the following properties:

(a) AUC Regularity: Q(t) must belong to the class of locally absolutely upper semicontinuous matrix
functions, i.e., @ € AUC)(T, SY¥(C)).

(b) Rank Monotonicity: The rank of Q(¢), denoted r(t) = rank(Q(t)), must be weakly monotonically
non-increasing over time ¢t € T.

Proof Sketch. The logic here is similar to the previous theorem but applied to the storage matrix Q(t) itself
rather than the minimal one. If a single quadratic function Vi works for all admissible pairs (z(-), u(-)), then
in particular it works for the frozen-selection LTV subsystem obtained by fixing x(-) = 0. Hence Vj, is a valid
quadratic storage function for that passive LTV system, and the structural results of Morandin & Hinsen
(2024) imply @ € AUC),. and that ¢t — rank(Q(¢)) is weakly non-increasing. The same theoretical results
from Morandin & Hinsen (2024) that impose structure on the minimal storage function also apply to any
valid quadratic storage function. This forces Q(t) to have AUC),. regularity and, crucially, a non-increasing
rank over time. Check Appendix [A-4] for the full proof. O

ML implication. For a selective SSM, this says: if there is any single quadratic “energy meter” Vg that
the architecture cannot beat regardless of the data-dependent gating decisions, then the meter itself must obey
two structural laws. It is allowed to jump (gating produces piecewise-constant updates), but only in AUC,.
ways, and the rank of the matriz Q(t) that defines it cannot grow over time. This is the precise sense in
which a selective SSM, viewed through a single passivity certificate, can only ever lose dimensions of usable
energy storage. The next two theorems unpack what this rank-non-increasingness means operationally for
gating.

11
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5.2 Parametric LMI and Kernel Constraints on Gating

The existence of a universal quadratic storage function Vj translates into concrete algebraic constraints
that the selection-dependent matrices A(t,x), B(t,z), C(t,x) must satisfy parametrically for all admissible
selection wvalues x. Equivalently, for each fixed selection value x and almost every time ¢, the resulting
quadratic dissipation inequality must hold for all states h and all port inputs u. These constraints take the
form of a parametric Linear Matrix Inequality (LMI) and lead to important conditions on how the output
matrix C(t,x) interacts with the kernel of the storage matrix Q(t).

Theorem 5.2 (Passivity Constraints on Selection via a Parametric LMI). Consider the selective SSM
equation [2[ with selection signal z(-) and driving input u(-) under the standard regularity assumptions.
Assume the system’s passivity is guaranteed by a single, time-varying quadratic storage function

Vo(t, h) = %hHQ(wh, Q:T —sY(C),

such that for some 8 > 0 the dissipativity inequality
T T
Vo (T, H(T)) = Vo(to, hita)) < [ Re(u(r),u(m) dr~5 [ [n(r)|*dr (12)
to to
holds for all initial states and for all admissible pairs (z(-), u(-)).

Then, for almost every ¢t € T and for every admissible selection value z € C%», the following parametric LMI
holds:

B{t,2)"Q() ~ C(t,z) 0
where A(t,z) = A(A(t), x), B(t,z) = B(A(t),z), C(t,z) = C(A(t),z), and Q(t) exists a.e.

In particular, the following universal kernel condition must hold:

Llta) — [QU+ QAR + At.2) Q1) + 261 Q(t)B(t,x>—c<t7x>H]j0, (19

Vv € Ker(Q(t)), C(A(t),z)v=0 for all admissible z at time ¢, a.e. t € T. (14)

Remark 5.3 (Coupled case u = z). If the architecture uses a single signal (i.e., u(-) = z(-)), then equation[L3]
remains a strong sufficient condition for passivity and motivates the regularizer used in Appendix
Necessity holds under the stronger schedule-independent hypothesis stated in the theorem (passivity for all
admissible pairs (z(-), u(+))).

Proof Sketch. This proof translates the differential form of the passivity mequahty, 9 < ..., into a matrix
inequality. By substituting the system dynamics and the quadratic form of Vg, we arrlve at an expression
that must be nonpositive for all states h and port inputs wu, for each fixed selection value z (and for a.e.
time ¢). Such an expression can be elegantly represented as a Linear Matrix Inequality (LMI). For the LMI
to hold for all h and u (uniformly over admissible selection values z), specific conditions must be met. By
choosing a state v from the kernel of @ (where Qu = 0), the LMI simplifies dramatically, revealing that the
term involving the output matrix C' must be zero to prevent the inequality from being violated. This leads
to the necessary condition that C(¢,z)v = 0. Check Appendix for the full proof. O

ML implication. FEquation equation[13 is the formal statement of the practical reqularizer we use later.
It is a parametric LMI: it must hold not just at one selection value, but uniformly over every selection value
x that the gating network can produce at time t. This is exactly what we sample and penalize during training
of a real Mamba in Section @ each token produces a selection-dependent matriz L(t,x), and we drive its
largest positive eigenvalue toward zero. The kernel condition equation[I] adds a striking structural reading:
any state direction the storage matriz considers “energy-less” (in Ker Q(t)) must be unobservable through
C(t,x), regardless of which selection value x the gate emits. In Mamba terms, the gating cannot decide to
“read out” a direction that the energy structure has already discarded.

12
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5.3 Irreversible Forgetting and Energy Consistency in Kernel Subspace

The constraints derived above, particularly the non-increasing rank of Q(¢) and the universal kernel condition
for C(t,x), suggest a form of structural irreversibility associated with the modes that fall into the kernel of
the storage matrix Q(t). We now explore this concept of "irreversible forgetting" from the perspective of the
universal storage function V and examine the energy balance required within this forgotten subspace.

Theorem 5.4 (Inertness of Forgotten Modes and Gating Constraints from Passivity). Consider the
continuous-time selective state-space model equation [2] under standard regularity assumptions. Assume
its passivity is guaranteed by a single, time-varying quadratic storage function V(t,h) = %hH Q(t)h with
Q:T— Sf (C), satistying the dissipativity inequality equation [12| for some 8 > 0 and for all admissible
pairs (z(-),u(+)). Then, the following properties regarding "forgotten modes" (states in Ker(Q(t))) hold:

1. Irreversibility in storage dimension (rank monotonicity): By Theorem the matrix function @
can be chosen in AUCo¢(T, S¥(C)) and the rank r(t) = rank(Q(t)) is weakly monotonically non-increasing
over time. Equivalently, since Q(¢) € CN*¥ dim Ker(Q(t)) = N — r(t) is weakly non-decreasing.

2. Energy Consistency within the Kernel: For almost every t € T where Q(t) exists, every direction
v € Ker(Q(t)) satisfies the kernel energy inequality

v Q(t)v +28||v||? < 0. (15)

This ensures the evolution Q(t) within the kernel is consistent with the required dissipation 8. If g = 0,
REQh < 0;if 3> 0, hEQh < —2p]|h||? < 0 (for h # 0).

3. Constraint on selection schedules: Under the universal passivity hypothesis, the parametric LMI
equation [[3] must hold for almost every ¢ and for every admissible selection value z. Hence any selection
schedule z(-) that attains values for which equation [13| fails on a set of times of positive measure would
contradict the hypothesis. The dynamics must respect the energy structure defined by Q(¢) and Q(t) within
the kernel.

Remark 5.5 (On strict dissipativity and rank-deficient storage). If 5 > 0 and Q(¢) = 0, then the kernel
inequality v7 Q(t)v 4+ 28||v|> < 0 implies that any nonzero v € Ker(Q(t)) would satisfy v Q(t)v < 0 at
times where Q(t) exists, which would contradict the requirement Q(t 4+ ¢) = 0 for small ¢ > 0. Thus,
under state-strict dissipativity (8 > 0), Q(¢) must be positive definite for almost every ¢, so the kernel-based
“irreversible forgetting” discussion is primarily meaningful in the passive case g = 0.

Proof Sketch. This theorem’s proof is a direct consequence of the preceding results.

1. Kernel Non-Shrinking: This follows immediately from the rank monotonicity established in
Theorem if the rank cannot increase, the dimension of the kernel (N — rank) cannot decrease.

2. Energy Consistency: This is derived by taking the (1,1) block of the LMI from Theorem and
evaluating it for a state h in the kernel of ). This isolates the term h¥ ‘fi—?h and shows it must be
negative enough to account for the required energy dissipation.

3. Constraint on Dynamics: This is a logical conclusion: any selection signal x that would induce
dynamics violating the LMI contradicts the fundamental assumption of universal passivity, and is
therefore inadmissible.

Check Appendix for the full proof. O]

ML implication. Read in the passive case (8 = 0, per the Remark above), this is the “irreversible for-
getting” picture: once a state direction enters Ker Q(t), the kernel cannot shrink, the LMI prevents any
selection from making that direction observable through C(t,x), and the energy structure within the kernel
must continue to dissipate consistently. For a Mamba-style selective SSM, this offers a structural lens on
what gating “cannot undo” under a single passive certificate, and it foreshadows, on the practical side, why a
discrete LMI regularizer monotonically reduces violations across training without the model recovering them

13



Published in Transactions on Machine Learning Research (07/2026)

later (Section@ Appendi:c@, We do not claim every selective SSM in the wild lives in this strong universal-
storage regime; rather, the lens identifies the structural bias that the discrete LMI of Section[6 encourages a
real Mamba to acquire during training.

6 From Continuous Theory to Discrete Mamba

The continuous-time results of Sections [@H{7] give us a clear structural picture: under appropriate dissi-
pativity assumptions, selective SSMs must satisfy a parametric LMI in the selection value x, with ker-
nel/unobservability and rank-monotonicity consequences. In practice, however, modern selective architec-
tures such as Mamba (Gu & Daol,2024) do not run a continuous-time ODE; they run a discrete-time selective
scan with an input-dependent step size Ag per token. To make the theory actionable for these architectures,
this section translates the LMI of Theorem into a sampled-data inequality on the Mamba selective-scan
core, and into a differentiable training-time regularizer that we will evaluate empirically in Section [§]

We do not claim novelty in the general principle of sampled-data passivity (Liberzon) 2003; |Anderson &
Vongpanitlerd, [2013). What is new here is the explicit instantiation of the Mamba selective-scan recurrence
and its integration into the training loop of a real architecture. Throughout, we work in the coupled-input
regime uy = x, (token, gate, and drive collapse into one signal), since this is the regime real Mamba uses;
under that coupling, Theorem gives a strong sufficient condition for one-step dissipativity rather than a
necessity statement, and we use it accordingly.

6.1 Discrete Selective-Scan Dynamics

In the standard Mamba selective scan, at each token index k € {0,1,...,7 — 1} the model produces from
the current input u;, € C%» a token-dependent step size Ay € R-q and continuous-time matrices A(Ag, uy),
B(Apg,ug), C(Ag,uy), then discretizes the per-token continuous update via a zero-order-hold-style rule.
Concretely, this yields a discrete recurrence

k=01,....,T -1, (16)

hit1 = Fihi + Gpoug,
Ye = Ckhiy1 + Dy ug,

where the per-token matrices (Fy, G, Cf, Di) are computed from (Ag, uy) by the architecture’s discretization
rule. We stress two structural facts about equation

(i) For each fixed k, equation [16|is an affine update in (hg,ux) with parameters (Fy, G, Ck, D) that
can be read off the Mamba selective-scan code path. In our experiments, these are exactly the
per-step quantities that the Mamba block computes during the forward pass.

(ii) The token-to-token dependence of (Fy,Gg,Ck,Dy) on wuy is the discrete counterpart of the
continuous-time selectivity of (A, B, C') on x(t). The selection structure of the recurrence is preserved
under sampling.

We take equation [16]as our discrete model of the Mamba selective-scan core and develop a passivity criterion
on its parameters.

6.2 One-Step Dissipativity Inequality

Following the continuous-time framework, we ask whether equation [I6ladmits a quadratic storage that decays
under the supply rate, sampled at the token grid. Let P € Sf (C) be a positive-semidefinite matrix and
define the sampled storage

V(h) = ShTPh.

A natural sampled analog of strict dissipativity is the requirement that, for every k and every (hy,ug),

Vihgs1) = Vihg) < ufyr — Bllhel? (17)

14
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for some 5 > 0. Inequality equation [17]is the discrete analog of the differential dissipativity bound used in
the proof of Theorem [5.2

Proposition 6.1 (Sampled block LMI for the Mamba selective-scan core). For the discrete recurrence equa-
tion 16| with quadratic storage V(h) = %hTPh and dissipation parameter § > 0, the one-step dissipativity
inequality equation [17| holds for every (hg,uy) if and only if the per-step block matrix

F,] PF, — P+ 281 F] PG, — F/C/

P, p) =
Ly (P, B) G| PF, — CvF, G} PGy — C,Gy, — G[C — 2Dy,

<0 (18)

is negative semidefinite for that token. The matrix L (P, () is differentiable in the model parameters that
produce (Fy, Gy, Ck, Dy) and in P.

PTOOf Sketch. Substitute hk+1 = Fkhk + Gkuk into V(hk+1) and Yk = Ckhk+1 Jeruk = Ckahk + (Cka +
Dy )uy into the supply rate u;yk. The inequality equation |17| becomes a quadratic form in the augmented
vector z = [h], uf]T:

20 L1(P,B)z, < 0 for all z,

which is equivalent to L (P, 8) < 0. Differentiability in (Fy, Gy, Ck, D, P) is immediate from the polynomial
structure of the entries. O

Reading. Proposition [6.1]is exactly the discrete sampled instance of the parametric LMI in Theorem
the role of Q(t) is played by the constant matrix P, the role of Q(t) + QA + AT Q is played by F,] PF;, — P,
and the off-diagonal @B — C'T is replaced by F,' PGy, — F,/ C}|. Forcing L;(P,3) < 0 at every token is the
discrete analog of forcing the parametric LMI to hold pointwise in x.

Scope of the criterion. A few cautious words about what equation does and does not say. First,
(Fx, Gk, Ck, Dy,) are local linearizations of the Mamba selective-scan core at token k; they are not the param-
eters of the full deep network with normalization, residual connections, and routing. Imposing L (P, 5) <0
is therefore a structural statement about the Mamba core, not a passivity certificate for the surrounding
architecture. Second, in line with our coupled-input framing, equation is a strong sufficient condition
for the one-step dissipativity inequality equation once the LMI holds at every k, the storage V(h) is
non-increasing along trajectories driven by ux = xp up to the supply term, regardless of the gating rule that
produced (Ag,ug). Third, the matrix P is a design choice; the simplest case P = I already gives a useful
(Euclidean) energy meter, and we will see in Section that learnable diagonal P = diag(q) produces a small
but consistent Pareto improvement.

6.3 Practical Mamba-Core regularizer

Proposition [6.1] suggests a clean training-time mechanism. Given a real Mamba forward pass on a batch of
tokens, we can read off (Fy, Gy, Ck, Dy) at every step (they are exactly the per-token matrices used in the
selective scan), choose a storage matrix P and a dissipation parameter 5 > 0, form the per-step block matrix
Ly (P, ), and penalize its largest positive eigenvalue. Concretely, define

RLMI(G; P,ﬂ) = Ek[max(ov )\max(ﬁk(Pv ﬂ)))] ’ (19)

where 6 collects the trainable parameters that determine (F}, Gy, Ck, Dy) in the Mamba core, and the
expectation is taken over tokens (and optionally Mamba channels). The total training loss is then

Liotal(0) = Liask(?) + vt Rumi(0; P, B),
with Apyr > 0 a single weight. We will refer to Rymr as the discrete LMI regularizer.

A few practical remarks. Computing Apax ([,k (P, 5)) on small per-token blocks is cheap: in the architectures
we consider in Section |8, L;(P, ) is at most a few tens of dimensions, and its largest eigenvalue (with
autograd-friendly subgradients) is computed via standard symmetric eigendecomposition. The choice of P
controls how conservative the criterion is. We use P = I as our main practical method and report a learnable
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diagonal P = diag(q) as an ablation; we found that the optional projection step that re-PSDifies P after
each update is essentially inactive in our runs, so we do not present it as a central component. Finally, the
regularizer is purely token-local at the level of the Mamba core; it does not require backpropagating through
the entire sequence to evaluate, and its computational cost is negligible compared with the Mamba forward
pass.

What this section does and does not assert. The reader should take three things from this bridge.
(i) Proposition is the discrete, sampled-data form of the continuous parametric LMI of Theorem [5.2
instantiated explicitly for the Mamba selective-scan recurrence. (ii) The criterion is a Mamba-core property:
it constrains the per-step matrices that the Mamba block produces, not the surrounding deep network. (iii)
The criterion is differentiable, so it can be used as a soft constraint during training. Whether enforcing it
in this way actually changes how a real Mamba behaves — on clean test data, on input perturbations, and
on routing-energy signals — is an empirical question, which we now answer in Section [§] on seven standard
time-series datasets, with extended detail in Appendix [C}

7 Robust Stability under Input-Driven Dynamics

Sections laid out the structural side of selective SSMs — forgetting from strict dissipativity, the canoni-
cal quadratic structure of the frozen-selection subsystem, and the parametric-LMI consequences of universal
quadratic storage. Section [] then translated those structural results into a sampled, differentiable criterion
for the Mamba selective-scan core. We now return to the continuous-time setting and analyze the selective
SSM in the fully general and realistic case where it is driven by persistent, non-zero port inputs u(-) under
an exogenous selection schedule z(-). This section provides sufficient conditions for Input-to-State Stability
(ISS), the gold standard for robust stability in nonlinear systems. To achieve this strong guarantee, we
must impose conditions that ensure the system’s internal dynamics are powerful enough to overcome any
disturbance from the input. These conditions, while strong, provide a clear, verifiable pathway to design-
ing certifiably robust models and are the continuous-time counterparts of the practical regularizer used in
Section

7.1 Global ISS from Uniform Dissipativity

To guarantee robust stability in the presence of arbitrary bounded inputs, basic passivity is not enough. We
need to ensure the system’s internal dynamics are uniformly contractive, that is, they dissipate energy at
a guaranteed rate, regardless of the operating mode selected by the selection signal x(-). This ensures the
system can actively counteract the energy being injected by the port input u(-).

With this subsection, we present such a condition based on the existence of a common quadratic Lyapunov
function demonstrating uniform dissipativity.

Theorem 7.1 (Global Stability from Uniform Local Dissipativity). Consider the continuous-time selective
state-space model equation [2| under the standard regularity assumptions. Assume further that:

(i) There exists a time-varying quadratic Lyapunov function candidate Vg (¢, h) = %hH Q(t)h, where
Q : T — SY(C) satisfies:
e Q€ Wlicl (T, SY(C)) (absolutely continuous locally).
o Q(t) is uniformly positive definite and bounded: there exist constants ko > k1 > 0 such that
kI < Q(t) < kol for allt € T.

11 e namics satis a unirorm dissipativl condaition wi respec o] : ere exi1Sts a constan
ii) The dynamics satisfy iform dissipativity condition with respect to Vi: Th ist tant

§ > 0 such that for almost every ¢ € T and for all admissible selection values z € C%» that can
occur at time ¢, the following matrix inequality holds:

Q) + QUA(A(), z) + A(A(1),2)" Q(t) < —26Q(t) (20)
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(This implies that for any fixed selection value z, the homogeneous LTV system h = A(A(t), z)h
satisfies Vg < —20Vp and hence is uniformly exponentially stable; equivalently, |h(t)]] <

Ve /ki e E)|h(to)|.)

(iii) The input matrix B(A(t),z) is uniformly bounded: There exists a constant Mp > 0 such that
IB(A(t), x)||l2 < Mp for all t and admissible x.

Then, the selective state-space system equationis globally ISS with respect to the port input u(t), uniformly
over all admissible selection schedules x(-). Specifically, there exist constants C>1, 5 > 0, and a class K
gain function o such that for any initial state h(¢), any admissible selection schedule z(-), and any admissible
port input u(-), the solution satisfies:

[h(t)]| < Ce™ T h(to)|| + o (|[ullzy.0.00) - ][ £9.1],00 = esssup [|u(7)]|. for all ¢ > to. (21)

toSTgt

Proof Sketch. We analyze the time derivative of the Lyapunov function Vg along the system trajectories. The
derivative splits into two parts: one from the internal dynamics (A matrix) and one from the external port
input (B matrix). The uniform dissipativity assumption provides a strong negative bound on the internal part
(< —26Vg). The input part is bounded using the Cauchy-Schwarz inequality. Combining these results in a
differential inequality of the form % < —aV +bV/V. By a change of variables, ¥ = /V/, this transforms into
a standard linear differential inequality, % < —cV + d, whose solution is bounded. Translating this bound
back to the state norm ||h(t)| yields the classic Input-to-State Stability (ISS) estimate. Check Appendix
[A77] for the full proof. O

ML implication. Theorem[7.1]is the practically useful version of the structural results in Section[5. Where
Theorem[5.2 characterized what passivity would have to enforce on a selective SSM under a single quadratic
certificate, the ISS condition equation [20 is what robustness actually requires: a uniform exponential decay
rate of the homogeneous dynamics, in matriz-inequality form, that holds across every selection value gating
can produce. The discrete LMI regularizer of Section[] can be read as a soft enforcement of exactly this kind
of uniform-in-x matriz inequality on the Mamba selective-scan core: the regularizer drives Amax(Lik (P, 5))
toward zero across all tokens, which is the sampled analogue of asking equation[20 to hold for every selection
value at almost every time. The empirical question this raises — does enforcing the discrete analog actually
improve the model’s behavior under driving inputs and perturbations? — is what Section[§ is designed to
answer.

Remark 7.2 (Relationship to the Passivity LMI). The ISS condition in Eq. equation is conceptually
stronger than the passivity LMI from Theorem The passivity LMI describes an energy balance,
ensuring the system does not generate energy. In contrast, the ISS condition demands a forced energy
decay, ensuring the system’s internal dynamics actively dissipate energy at a uniform exponential rate.

Formally, if the ISS condition holds (with 6 > 0 and a positive definite @), it is sufficient to satisfy the
internal stability portion (the (1,1) block) of the passivity LMI. However, a system can be passive (energy-
balanced) without being uniformly contractive in this stricter sense. Thus, the ISS condition is a specialized
and powerful tool for proving robust stability, while the passivity LMI is a more general tool for analyzing
a system’s energy flow. In Section [8] we therefore use the more permissive passivity LMI (in its sampled
form from Section @ as the training-time regularizer, and treat the stronger ISS-style condition as the gold
standard that the regularizer is empirically pushing the Mamba core toward.

8 Empirical Validation on SST/Mamba

The continuous-time analysis of Sections[@H7]and the discrete bridge of Section [6] make a concrete prediction:
penalizing the largest positive eigenvalue of the sampled block matrix Lx(P, ) from equation during
training should constrain the Mamba selective-scan core toward sampled passivity, ideally without harming
downstream forecasting accuracy. This section empirically evaluates that prediction across a real Mamba-
based architecture on seven standard time-series forecasting datasets and four prediction horizons. Our goal
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is not to set new MSE records on these benchmarks; it is to ask, with honest scoping, whether the discrete
LMI regularizer in equation [19actually does what the theory says it should, and what limits of the framework
the experiments expose. Extended per-dataset tables, training hyperparameters, and additional ablations
are deferred to Appendix [C]

8.1 Experimental Setup

Architecture. We use the SST forecasting architecture (Xu et al., 2025)), which is a routed mixture of
a Mamba long-range expert and a short-range attention branch. We apply our regularizer only to the
Mamba branch: at each token k, the per-step matrices (F, Gy, Ck, Dy) are extracted from the Mamba
selective-scan core during the forward pass, the block matrix L (P, ) from equation is formed, and
the regularizer equation [I9] is added to the standard task loss. Importantly, this means the regularizer is
a Mamba-core diagnostic rather than a passivity certificate for the full SST network (with normalization,
residual connections, and routing); we discuss this scoping carefully throughout.

Datasets and horizons. We evaluate on seven standard forecasting datasets: ETThl, ETTh2, ETTml,
ETTm?2, weather, electricity, and traffic, with prediction horizons {96,192,336, 720}, giving 7 x 4 = 28
dataset—horizon pairs. The look-back window is 672 tokens; the label length is 336.

Variants. We compare:

e SST baseline. The unregularized SST architecture.

e SST + discrete LMI (P = I). SST trained with Rpmr at P = I, Apap=10"2, 3=10"3. This is
our main practical method.

o SST + discrete LMI (diag-Q). As above with P = diag(q) a learnable diagonal storage (initial-
ized at ¢ = 1). Reported as a conservativeness ablation.

Additional ablations (a milder Apyp regime, a projection step, and a router-energy variant) appear in Sec-

tions [B:4H8.5] and Appendix [C]

Diagnostics. At evaluation time we record clean test MSE and MAE, plus four Mamba-core diagnostics:
the mean sampled LMI violation Ei[max (0, Amax(Lk))], the maximum sampled Apax(Lx), the mean Mamba-
core SSM state norm, and (when relevant) the router’s mean Mamba weight myeighs-

8.2 Discrete LMI Regularization Reduces Mamba-Core Passivity Violations at No MSE Cost

We first evaluate, on clean test data, whether enforcing L;(P,5) =< 0 during training actually shifts the
Mamba core toward sampled passivity. Table[3]summarizes the aggregate result across all 28 dataset—horizon
pairs.

Variant Clean MSE Clean MAE Mean LMI viol. Max Apax(Lk)
SST baseline 0.385804 0.390236 0.035824 2.6012
SST + discrete LMI (P = 1I) 0.385815 0.390244 0.002882 1.8972
SST + discrete LMI (diag-Q) 0.385815 0.390243 0.002877 1.8975

Table 3: Aggregate clean-test results across 28 dataset—horizon pairs, mean over runs. The discrete LMI
regularizer reduces the sampled Mamba-core LMI violation by approximately 92% relative to baseline, while
clean MSE differs by less than 0.003%.

The aggregate picture is unambiguous. Mean Mamba-core LMI violation drops from 0.0358 to 0.0029 under
P = I regularization, an approximately 92% reduction; the largest positive eigenvalue Apax(Lx) across all
tokens and runs drops from 2.6012 to 1.8972. Clean MSE, by contrast, changes by approximately 0.0012% on
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average, with a maximum per-run delta of 0.018%. Crucially, the violation reduction holds in 28/28 paired
dataset—horizon comparisons, with the largest absolute reductions on the datasets where the unregularized
baseline violates the criterion most (traffic, electricity), and the smallest on datasets where the baseline
already nearly satisfies it (the ETTh family). Figure [l| shows this per-dataset structure.

Mean Discrete LMI Violation

B SST + discrete LMI
0.14 1 ®mm SST baseline

0.12 4

0.10 1

0.08 4

Mean violation

0.06 4
0.04 4

0.02 A

oo I —— |
S i S

« o o« S
A

Figure 1: Mean sampled Mamba-core LMI violation per dataset, averaged across the four prediction horizons.
The discrete LMI regularizer reduces the violation on every dataset, with the largest reductions exactly where
the unregularized baseline violates the sampled criterion most strongly.

We read this as the cleanest empirical statement of what Section [6] predicted: the regularizer does what it is
designed to do, and the cost in forecasting accuracy is in the noise. Two notes on scoping. First, although
Amax(Lk) is reduced uniformly, it is not driven below zero; the regularizer produces a substantial and
consistent reduction in violation, not a certified passivity statement. Second, this is a Mamba-core property;
the surrounding SST network (normalization, residuals, routing) is not constrained by the regularizer.

8.3 Conservativeness Ablation: P = I vs Learnable Diagonal P

A natural reviewer concern is that P = I might be unduly conservative as a storage choice. Section [f]
explicitly noted that any P > 0 is admissible, so we test whether replacing P = I with a learnable diagonal
P = diag(q) buys anything. Aggregate results are in Table [4]

Variant Clean MSE Mean LMI viol. (mean Qlog-std
SST + discrete LMI (P = 1) 0.385815 0.002882 - -
SST + discrete LMI (diag-Q) 0.385815 0.002877 1.0008 1.1 x 1073

Table 4: Conservativeness ablation: replacing the storage P = I with a learnable diagonal P = diag(q)
produces a strict (if small) Pareto improvement on 28/28 pairs at no measurable accuracy cost.

Across all 28 paired runs, the diagonal-@) variant has lower mean LMI violation than P = I, with no
MSE degradation (paired-run violation reductions range from —0.10% to —0.33%; MSE deltas in the noise
floor at ~ 107°). Per-run reductions are strict: every paired run sits in the favourable corner of the
(violation reduction, MSE delta) plane. The learned ¢ moves visibly away from identity (gmean ~ 1.0008,
with qiog-sta = 1.1 1072 and gmax ~ 1.0084 on the dataset where it pushes hardest, traffic), confirming that
the diagonal storage is being used. The improvement is modest in absolute terms; we read this as evidence
that the framework can support less-conservative storage metrics without harming accuracy, and we use
P =1 as the default practical choice while reporting diag-@) as the cleaner conservativeness check.
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8.4 Robustness Diagnostics under Injected Perturbations

So far, our empirical claims concern clean test inputs. We next ask whether the regularizer changes the
Mamba core’s behavior when inputs are corrupted. We use five synthetic perturbation modes applied only
to the test inputs (target sequences are kept clean): Gaussian noise, spike injections, block masks, amplitude
shifts, and last-value-hold; each variant is evaluated three times across seeds. Aggregate results, averaged
across the five non-clean modes and all 28 dataset—horizon pairs, are in Table [5}

Variant Robust MSE MSE deg. % Mean LMI viol. Mean max state norm
SST baseline 0.70808 +126.76% 0.02345 0.26651
SST + discrete LMI (P = 1) 0.70809 +126.76% 0.00512 0.25588
SST + discrete LMI (diag-Q) 0.70809 +126.76% 0.00512 0.25588

Table 5: Robustness diagnostics under five injected perturbation modes (Gaussian noise, spikes, block masks,
amplitude shifts, last-value-hold), averaged across 28 dataset—horizon pairs and 3 seeds. The regularizer re-
duces internal Mamba-core LMI violations and state norms uniformly, but does not change robust forecasting
MSE.

The result is sharply two-sided, and we report it as such. On internal Mamba-core diagnostics under
perturbation, the regularizer is a strict Pareto improvement: mean LMI violation drops from 0.02345 to
0.00512 (~ 60% reduction; lower in 35/35 dataset—-mode pairs), mean max SSM state norm from 0.26651
to 0.25588 (~ 3.4%, lower in 35/35 pairs), and the worst observed state norm in the experiment from
approximately 0.6065 to 0.5387. These improvements hold uniformly across all five perturbation modes, with
the largest LMI-violation reductions on the hardest perturbation (amplitude shift, ~ 345% MSE degradation
against clean for the baseline). On forecasting MSE under perturbation, by contrast, the regularizer produces
no measurable improvement: robust MSE deltas vs. baseline are at +0.0008%, well within numerical noise.
The Pareto picture under amplitude shift, the most challenging perturbation, is shown in Figure [2}

Discrete LMI violation by perturbation mode
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W SST + LMI (P=I + projection)
0.020 B SST + LMI (diag-Q)
W SST + LMI (diag-Q + projection)

0.015

0.010

mean LMI violation

0.005

0.000
e o e o-
o o & «
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Figure 2: Pareto plot under amplitude perturbation, aggregated across datasets. Each point is one variant.
The four LMI-regularized variants cluster strictly inside the favorable corner (lower mean Mamba-core LMI
violation and lower mean max SSM state norm) of the (state norm, LMI violation) plane, while baseline and
projection-only fall in the unfavorable corner.

We are intentionally precise about how we frame this. The regularizer improves internal Mamba stability
and passivity diagnostics under perturbed inputs without degrading forecasting accuracy. It does not, in
this run, produce a robust-MSE improvement; this is an honest negative on the practical task metric. Two
plausible reasons are worth flagging. First, the regularizer is a Mamba-core diagnostic; the surrounding SST
network (normalization, residual paths, routing, and output heads) absorbs much of the perturbation effect
on MSE, so improving the Mamba core internally does not by itself translate into improved end-to-end MSE
under corruption. Second, the perturbations are injected at test time only, so there is no opportunity for
the regularized model to align its representation with the perturbed regime. We discuss both in Section 8.6
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8.5 Router-Stability Ablation: A Neutral Result

The SST router decides, per sample, how much to weight the Mamba branch versus the short-range branch.
A natural conjecture is that adding an energy-aware penalty on the router — one that discourages high
Mamba weight on samples with high local LMI violation — could induce a learned “avoid the Mamba
branch when the Mamba core is locally unstable” rule, of the kind a human reading Section [7] would write.
We tested this with a small additional regularizer on the router during training. Aggregate results over the
same 28 dataset—horizon pairs are in Table [0}

Variant Clean MSE Mean m, Train Corr(m.,viol.) Mean LMI viol.
SST + discrete LMI (P = 1) 0.385815 0.30801 - 0.00754
SST + discrete LMI + router 0.385815 0.30799 +0.0043 0.00754

Table 6: Router-stability ablation: adding the energy-aware router penalty preserves clean MSE in 28/28
runs and consistently nudges the Mamba weight downward, but the train-time correlation between Mamba
weight and LMI violation is essentially zero on aggregate, with inconsistent sign across datasets (—0.107
on ETThl to +0.054 on ETTm1). We report this as a clean-performance neutrality result rather than as
evidence of a learned energy-aware routing schedule. We use m,, := Myecight for brevity.

The result is honest neutral. Clean MSE is preserved exactly within tolerance (28/28 within 1%), and the
Mamba weight is lower than the LMI-only variant in 28 /28 runs — directionally aligned with the energy-aware
reading. But the magnitude of the Mamba-weight shift is on the order of 1072, the train-time correlation
between Mamba weight and local LMI violation is +0.0043 on aggregate (essentially zero), and per-dataset
correlations span both signs (from —0.107 on ETThl to +0.054 on ETTm1). We do not interpret this as
evidence of a learned energy-aware schedule, and we present it as an appendix-style ablation rather than
a positive contribution. The most plausible reason the mechanism is inert is that the router is trained on
clean data, where local LMI violation is not a strong predictor of task loss. We expect that retraining with
injected perturbations, so that violation magnitude becomes correlated with task loss, could produce a more
consistent energy-aware schedule, but we leave this as future work.

8.6 Limitations

Three limitations of the empirical evaluation deserve explicit statement, and they should also be read as the
limits of what the present paper claims.

Mamba core, not full network. The discrete LMI regularizer equation is a per-token, per-channel
constraint on the Mamba selective-scan recurrence equation[I6 Sections[8:2}{8.4] consequently report Mamba-
core diagnostics, not passivity certificates for the full SST network. The mismatch between strong improve-
ments in Mamba-core diagnostics and the absence of robust-MSE improvement (Section is the empirical
face of this scoping. Bridging this gap would require either a network-level passivity criterion (a research
direction the parametric LMI of Section suggests but does not yet provide) or an explicit cascade argument.

Sampled criterion, not exact discrete passivity. Proposition [6.1] gives an exact one-step dissipativity
inequality at the Mamba selective-scan core; what we enforce during training is a soft penalty on the
largest positive eigenvalue. Empirically, Apax(Lx) is reduced uniformly but not driven below zero. The
numerical results should therefore be read as “substantial reduction in violation” rather than “certified
sampled passivity”. We do not claim the latter.

Single architecture family. All experiments are on SST as the host architecture, a routed Mamba/short-
range mixture. We chose this because it gives a clean Mamba branch on which to evaluate the criterion,
and because the router lets us also probe the energy-aware routing question of Section [8.5] The criterion
of Section |§| is, however, generic: it depends only on the per-token matrices (Fy, G, Ci, Dy) extracted from
any selective-scan core. Validation on a wider set of selective architectures (HGRN, GLA, vanilla Mamba
without the short-range branch, hybrid selective Transformers) is left as future work.
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In summary, the discrete LMI regularizer is empirically clean-MSE safe, substantially reduces sampled
Mamba-core LMI violations on every clean and perturbed run we tested, and improves Mamba-core sta-
bility diagnostics under input corruption. It does not, on its own, produce a robust-MSE improvement,
and we explicitly do not claim it does. Section [J] discusses how these scoped empirical results sharpen the
theoretical claims of Sections [fH{7] and what they imply for selective-architecture design.

9 Conclusion

This paper has done two things. On the theoretical side, we developed a passivity- and ISS-based account
of continuous-time selective State-Space Models with discontinuous gating, paying particular attention to
the structural regularity of energy storage under the kind of L, coefficient functions that gating actually
produces. On the practical side, we translated that account into a sampled, differentiable criterion on the
Mamba selective-scan core and evaluated it as a training-time regularizer on a real Mamba-based forecasting
architecture across 28 dataset—horizon pairs. We close by pulling together what was proved, what was

empirically supported, and what was deliberately not claimed.

By separating the selection signal z(-) from the driving (port) input u(-), we obtained four structural results
for system equation [2] State-strict dissipativity, together with quadratic bounds on a storage functional,
yields exponential forgetting of homogeneous trajectories uniformly over admissible selection schedules (The-
orem [4.1). Freezing the selection produces a passive linear time-varying input—output subsystem whose
minimal available storage is necessarily quadratic with AUC),. regularity (Theorem , giving a canonical
intrinsic energy structure that is robust to discontinuous gating. Under the strong but informative hypothesis
that a single quadratic storage certifies passivity uniformly over admissible selection schedules, we derived a
parametric LMI in = together with universal kernel/unobservability and rank-monotonicity conditions, for-
malizing what we called irreversible forgetting (Theorems . Finally, a uniform-in-z matrix inequality
on the homogeneous dynamics yields global ISS with respect to the port input (Theorem [7.1]).

Section[f]translated the parametric LMI of Theorem[5.2]into a one-step dissipativity inequality on the Mamba
selective-scan recurrence equation with a sampled block matrix L (P, 8) whose structure mirrors the
continuous-time LMI exactly (Proposition . The largest positive eigenvalue of this matrix is differentiable
in the model parameters that the Mamba selective scan produces, so it can be used directly as a soft training-
time constraint equation We are explicit that this criterion is a property of the Mamba core, not a
passivity certificate for the surrounding deep network.

On clean test data across seven standard time-series datasets and four horizons, the discrete LMI regularizer
reduces mean Mamba-core LMI violation by approximately 92% relative to the unregularized baseline (28/28
pairs), while clean MSE differs by less than 0.018% (Section . Replacing P = [ with a learnable diagonal
P = diag(g) produces a strict (if small) Pareto improvement in 28/28 paired runs at no measurable accuracy
cost (Section , confirming that the framework is not overly tied to the simplest storage choice. Under
five injected input perturbations, the regularizer produces a uniform ~ 60% reduction in mean Mamba-core
LMI violation and a ~ 3.4% reduction in mean max SSM state norm, holding in 35/35 dataset—mode pairs
and on every perturbation type (Section .

We have been deliberately precise about what the empirics do not say. Under perturbed inputs, the regu-
larizer improves Mamba-core stability and passivity diagnostics but does not produce a robust forecasting
MSE improvement on its own (Section ; we report this as an honest negative on the practical task met-
ric. The sampled LMI is reduced but not certified negative semidefinite, so we say “substantial reduction
in violation” rather than “certified sampled passivity”. The router-stability ablation preserves clean MSE
and consistently nudges Mamba weights downward but does not produce a learned energy-aware routing
schedule, with train-time correlations between Mamba weight and LMI violation that are essentially zero on
aggregate and inconsistent in sign across datasets (Section . The universal-storage hypothesis used in
Section [f]is a strong sufficient condition that motivates the practical regularizer; it is not a claim that every
Mamba in the wild satisfies it.

Read together, the theory and the experiments suggest three concrete design lessons for selective SSMs.
First, principled initializations such as HiPPO (Gu et al. 2020) are best understood as the design of a
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baseline energy landscape on which input-driven selection then operates: Theorem explains why such
initializations admit a well-conditioned quadratic energy function, and Appendix [B.I]shows empirically that
initializations failing this admit no valid energy function at all and diverge. Second, the sampled criterion of
Section [f]is a low-cost, differentiable Mamba-core diagnostic that can be added to existing training pipelines
with negligible overhead and provably (in the empirical sense of 28/28 paired runs) reduces sampled passivity
violations without harming accuracy: it is, at minimum, a useful structural regularizer even if its end-to-
end MSE benefit is not a forced consequence of passivity. Third, the structural framework of Sections [4}-
gives a precise control-theoretic vocabulary — forgetting, kernel inertness, irreversibility — in which to
phrase questions about expressivity—stability tradeoffs in selective architectures, going beyond the Lyapunov-
exponent diagnostics that have so far dominated the literature on Mamba-style stability (Halloran et al.
2024]).

The honest scoping in Section identifies three concrete next steps. (i) From Mamba core to deep network.
The most informative gap revealed by our experiments is between Mamba-core diagnostic improvements
and absent end-to-end MSE improvements under perturbation. Closing this gap requires either a deep-
network passivity criterion (a research direction the parametric LMI of Theorem suggests but does not
yet resolve) or an explicit cascade argument bridging core dissipativity and end-to-end robustness. (ii)
Perturbation-aware energy routing. The router-stability ablation suggests, plainly, that an energy-aware
routing schedule does not emerge from training on clean inputs, because local LMI violation is not a strong
predictor of clean-data task loss. We expect that retraining with injected perturbations, so that violation
magnitude becomes correlated with task loss, is a path to a genuine learned routing rule of the kind a reader
of Section [ would write. (iii) Discrete-time theorems. The continuous-time results of Sections[dH7]have direct
discrete-time analogues whose proofs we have left informal in Section [6} making the rank-monotonicity and
irreversibility statements rigorous in the sampled regime, and connecting them to the empirically observed
monotonic-reduction behaviour in Section 8] is the natural rigorous extension of the present work.

Selective SSMs are mathematically awkward: they are neither LTI, nor classical LTV, nor smooth nonlinear
systems. We have argued that, because they are nonetheless port-Hamiltonian-style systems with a clear
supply rate, they are amenable to a passivity-based analysis whose continuous-time conclusions transfer
cleanly to the discrete Mamba selective scan as a per-token training-time criterion. Within the boundaries
we have drawn, the criterion does what the theory predicts and reveals where the theory currently stops. We
hope this combination of structural results and honest empirical scoping is a useful step toward a control-
theoretic foundation for selective architectures in deep learning, and toward concrete tools that practitioners
can drop into existing training loops without paying for them in accuracy.
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A  Theoretical Proofs

A.1 Proof of Theorem [4.1]

We are given the existence of a storage function V (¢, h) satisfying the strict dissipativity inequality equation
and the quadratic bounds equation[6] The regularity assumption allows us to consider the differential version
of the inequality. Along any trajectory of the system equation [2] the time derivative of V satisfies:

DV (1, (1)) < Re (u(t) y(1)) — BlACE) P (22)

almost everywhere. This follows from differentiating the integral inequality or directly from the definition
of dissipativity via differential supply rates. Now, consider the homogeneous (zero port-input) case, where
u(t) =0 for all ¢ > 0. Then the supply term vanishes:

Re (u(t), y(t)) = Re (0,y(t)) = 0. (23)

(As a special case, under frozen selection z(t) = 0 this homogeneous trajectory coincides with setting u =0
in equation ie., h=Ap(t)h and yo = Co(t)h.)

Substituting u(t) = 0 into the differential inequality equation we get:

TV (t.hw) < ~BIn)? (24)

for trajectories in the homogeneous (zero port-input) case.

We can relate ||h(t)||? back to V(t,h(t)) using the upper quadratic bound from equation @ lR(t)]* >
k—121/(t7 h(t)). Substituting this into equation

%V(t, h(t)) < —k%V(t, h(t)). (25)

Let ®(t) = V(t, h(t)). This is a scalar non-negative function satisfying the differential inequality ®(t) <
—v'®(t), where v/ = 8/ky > 0. By the Comparison Lemma (a consequence of Gronwall’s inequality), this

implies:
v ®(t) = V(t,h(t)) < V(0,h(0)) e for all ¢ > 0. (26)

Now, we use both quadratic bounds from equation [6}
o Lower bound on V (¢, h(t)): k1||h(t)|> < V (¢, h(t)).
« Upper bound on V(0,k(0)): V(0,h(0)) < ka||h(0)]]2.
Combining these with the decay inequality equation
BRI <V (1,h(1)) < V(0,h(0) 7" < kall(O)]2 e " (27)

Dividing by k1 > 0:
k o
Ih@)]* < kfllh(o)\lze . (28)

Taking the square root of both sides:
k2 (' /21
1@ =< /7 17O)][e : (29)

Defining C' = +/ka/k1 > 1 (since ko > k1 > 0) and v = +'/2 = §/(2ke) > 0, we obtain the desired
exponential decay:

[®)]| < C e [|h(0)]- (30)
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This completes the proof.

Summary: This theorem establishes that intrinsic energy dissipation (8 > 0), when coupled with a storage
function V' that is quadratically comparable to the state norm, guarantees exponential stability of the
homogeneous system (u = 0), and in particular of the frozen-selection homogeneous dynamics (u = 0,
2 = 0). This signifies a fundamental "forgetting" capability, ensuring that the influence of the initial state
diminishes exponentially over time in the absence of external port input, regardless of the specific (potentially
non-quadratic) nature of V.

A.2 Available storage for passive LTV systems

We use the notion of available storage for LTV systems as defined in |Morandin & Hinsen| (2024, Def. 4.1):
for an LTV system of the form h = A(t)h + B(t)u, y = C(t)h + D(t)u, the available storage is

t1
Va(to,ho) = sup (/ Re (u(t), y(t)) dt> .
t12t07u€L120C to
h(to):h()

For passive LTV systems (in the sense of Morandin & Hinsen| (2024, Def. 1.1)), the available storage is finite
and coincides with a minimal quadratic storage V, = Vi for some @ € AUCj,. (Morandin & Hinsen, [2024}
Thm. 4.2, Cor. 4.3).

A.3 Proof of Theorem

We prove the three items (a)—(c).

(a) Passivity of the frozen-selection LTV system. Fix the selection signal x(¢) = 0 and define
Ao(t) = A(A(2),0),  Bo(t) == B(A(),0),  Co(t) :==C(A(t),0),  Do(t) =0.

By the regularity assumptions of the main text, Ay € Li , Bo,Co € L, and Dy € LfS, hence the LTV
system )

h(t) = Ao(t)h(t) + Bo(t)u(t),  yo(t) = Co(t)h(t) + Do(t)u(t)
is of the form Morandin & Hinsen| (2024, Eq. (1)). Let (h(-), u(:),y0(+)) be any state—input—output solution
of this system on [tg,T]. It is also a trajectory of the full selective SSM equation [2| when restricting to
2(-) = 0. Therefore, applying equation |§| yields

T T T
V(T W(T)) — V (t, h(to)) < / Re (u(r), yo(r)) dr — A / |2 dr < / Re (u(r), yo(r)) dr.

Thus V satisfies the passivity dissipation inequality of [Morandin & Hinsen| (2024, Def. 1.1) for the frozen-
selection LTV system, i.e., the LTV system is passive.

(b) Existence of minimal quadratic available storage. Let V, o be the available storage of the frozen-
selection LTV system in the sense of Morandin & Hinsen| (2024, Def. 4.1). Since the system is passive,
Morandin & Hinsen| (2024} Cor. 4.3) implies that V¢ is finite and coincides with a quadratic form:

Vaol(t,h) = h7Qo(t)h

for some Q¢ : T — Sf((C), and that V, ¢ is minimal among all storage functions.

(c) AUC),. regularity of Q(¢). The same result Morandin & Hinsen| (2024, Cor. 4.3) yields that Q) can
be chosen such that Qo € AUC),(T, Sf((C))

Connection to exponential decay. The homogeneous (unforced) trajectories correspond to setting u = 0
in the frozen-selection LTV system, i.e., h = Ao(t)h (Morandin & Hinsen| [2024, Sec. 2.1). If V' furthermore
satisfies the hypotheses of Theorem then Theorem gives exponential decay along these homogeneous
trajectories.
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A.4 Proof of Theorem 5.1

(a) and (b): The premise is that Vg(¢, h) satisfies the passivity inequality equation for all admissible
trajectories of the selective SSM equation [2 As argued in the proof of Theorem (a), any such trajectory
includes the trajectories of the frozen-selection LTV system equation [L0]obtained by setting x(¢) = 0. There-
fore, Vo must also be a valid storage function for the frozen-selection LTV system equation indeed, since
equation [11] holds for all admissible pairs (z(:), u(+)), it holds in particular for z(-) = 0 and for every admis-
sible u(+), yielding the dissipation inequality for all trajectories of equation l_l_Ol Dropping the nonpositive
term —f3 ftf |h(7)||? dr yields the passivity inequality of Morandin & Hinsen| (2024, Def. 1.1).

The framework of Morandin & Hinsen (Morandin & Hinsen, [2024) analyzes quadratic storage functions for
passive LTV systems under the assumed L} . regularity. Specifically, (Morandin & Hinsen) [2024, Theorem
3.2) establishes necessary conditions for a quadratic form Vi (t, h) = A7 Q(t)h to be a storage function. It
implies that @ must be absolutely upper semi-continuous (which corresponds to AUC),. in their terminology).
By Morandin & Hinsen| (2024, Thm. 3.2), any quadratic storage function Vg (t,h) = 2h7Q(t)h for a passive
LTV system must be induced by a matrix function Q € AUC),¢(T, S (C)). Then|[Morandin & Hinsen| (2024

Thm. 5.4(1)) yields that t — rank(Q(¢)) is weakly decreasing on T.

Summary: This theorem reveals that the strong requirement of universal passivity guaranteed by a single Vg
immediately imposes significant structure on Q(¢) itself. It must possess AUC),. regularity, accommodating
potential discontinuities but ensuring they behave in a controlled manner (e.g., jumps cannot increase energy
in the Loewner sense). Crucially, the rank monotonicity implies that the dimension of the subspace captured
by the energy function (its image) cannot increase over time. This lays the groundwork for understanding
irreversible effects, as the "energy-less" subspace (the kernel) can only grow or stay the same.

A.5 Proof of Theorem

(a) Parametric LMI Condition: The dissipativity inequality equation holding for all trajectories
implies the following a.e. differential inequality along trajectories (at times where Q(t) exists): LVo(t, h(t) <
Re (u(t), y(t)) — B||h(t)||?. Substituting Vo = $h7Qh, h = A(t,z)h + B(t,z)u, and y = C(t, z)h leads to a
quadratic inequality in (h, ), with the selection value x acting as a parameter:

%hHQthRe(hHQh) < Re{u! C(t, 2)1) — BI|h])> (31)
%hHQ h+ Re(h" Q(A(t, 2)h + B(t, 2)u)) < Re(u C(t, 2)1) — BI|h)> (32)
Rearranging terms:
%hHQ h+ Re(h" QA(t,z)h) + Re(h" QB(t, z)u) — Re((C(t,z)"w)"h) + R h < 0. (33)
%hH(Q + QA(t, x) + A(t,2)"Q + 28I)h + Re(h" (QB(t,z) — C(t, )" )u) < 0. (34)

For each fixed admissible selection value x and for almost every time ¢, this inequality must hold for all b € CV
and all port inputs v € C%n». This is precisely the condition encoded by the negative semidefiniteness of the
LMI matrix L£(t, z) defined in equation Since Vo must work for any input trajectory, the LMI must hold
parametrically for all input values z that can occur at time ¢. This leads directly to the LMI formulation
(setting D = 0):

Q) + QWA(t, ) + A(t, ) Q(t) + 2B  Q(t)B(t,x) — C(t, )"

B(t,z)7Q(t) — C(t, x) 0 <0 (35)
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(b) Universal Kernel Condition for C: Let v € Ker(Q(¢)) at a time ¢ where the LMI equation [13| holds.
Consider the augmented vector z = [ } for any w € C%». The LMI implies 27 L(¢,7)z < 0.

w
L2y — [0 ] {Q + Qg ;QAif% +281 QB " CH} m
= 0"(Q+ QA+ A"Q +28I)v + 0" (QB — C™"yw + w™ (B"Q — C)v + w (0)w

Since v € Ker(Q(t)), we have Q(t)v = 0 and v Q(t) = 0. The expression simplifies to:

—v7(Q+0+0+ 281w +v7(0 - CF)w +w (0 — C)v
= 0" Qu + 28]|v||* — v CFw — w Cv

= v Qu + 28||v]|? — 2Re(w Cv)

This quadratic form in w must be < 0. Considering the 2 x 2 projection onto v and w space:

vT(Q+ QA+ ATQ + 281w vT(QB - CMyw] _ [v7Qu+28|v|? —vPC(t, z) w
w?(BHEQ — C)v 0 ] N [ —wH C(t,z)v 0
matrix to be negative semidefinite, the diagonal elements must be non-positive (taking w = 0 shows
v (Q+ QA+ AR Q4 2B8I)v < 0, and if v € Ker Q(t) this reduces to v Q(t)v + 26||v||> < 0), and the deter-
minant must be non-negative. The determinant is (v Qv +28]|v[|?)(0) — | —w C(t, z)v|? = —|w" C(t, z)v|?.
So we need —|wf C(t,z)v[*> > 0. This can only hold if [wC(t,z)v|> = 0 for all w € C%». This implies
C(t,z)v = 0. Since this must hold for the C(¢,x) corresponding to any admissible z at time ¢, we conclude
Vv € Ker(Q(t)), C(A(t),z)v = 0 for all admissible z, a.e. t.

(c) Implicit Constraints on A and B: The validity of the LMI equation for all x directly imposes
constraints on A(t, ) via the (1,1) block and couples B(t, z) to C(t,z) (which is already constrained by part
(b)) via the off-diagonal blocks and Q(t). These ensure that the dynamics generated by any input = remain
compatible with the energy storage/dissipation defined by V.

=< 0. For this 2 x 2

Summary: This theorem translates the abstract requirement of universal passivity into a concrete parametric
LMI equation [I3] This LMI must hold not just for a specific input or for the unforced system, but simulta-
neously for all possible selection values = that the gating mechanism might encounter at any given time ¢. A
striking consequence is the universal kernel condition equation any state direction v that is considered
"energy-less' by the storage function (i.e., v € Ker(Q(¢))) must be rendered unobservable at the output
(C(t,z)v = 0), irrespective of the specific input x driving the gating. This imposes a strong limitation on
the gating mechanism: it cannot arbitrarily change the output matrix C' in response to input « in a way that
would make these energy-less states visible. Passivity demands consistency between the energy accounting
(Q) and observability (C).

A.6 Proof of Theorem 5.4

1. Kernel Non-Shrinking: This follows directly from Theorem [5.1b), which established that rank(Q(t))
is weakly monotonically non-increasing. Since dim(Ker(Q(t))) = N — rank(Q(t)), a non-increasing rank
implies a non-decreasing kernel dimension. Therefore ¢ — dim Ker(Q(t)) is weakly non-decreasing.

2. Energy Consistency within the Kernel: This condition was derived within the proof of Theorem
[.2(b) by evaluating the (1,1) block of the parametric LMI equation [13] for a vector h(t) € Ker(Q(t)). The
(1,1) block inequality is Q(t) + Q(t)A(t, z) + A(t,z)"Q(t) + 28I < 0. Pre- and post-multiplying by h(t)¥
and h(t) respectively, and using Q(¢)h(t) = 0, yields h(t)" Q(t)h(t) + 28||h(t)||*> < 0. This inequality must
hold independently of x because it follows from the LMI which holds parametrically.

3. Constraint on Dynamics Violating Kernel Structure: If dynamics induced by some x*(t) were
fundamentally incompatible with the passivity condition guaranteed by Vg (e.g., by attempting to move a
state out of the kernel in an "energy-creating" way relative to Vg), it would necessarily cause the parametric
LMI equation to fail for x = z*(¢t). This contradicts the core assumption that Vg ensures passivity
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universally. Therefore, all admissible dynamics under the universal Vy assumption must inherently respect
the energy balance constraints, including those within the kernel.

Summary: This theorem formalizes the notion of "irreversible forgetting" within the framework of a universal
quadratic storage function. The non-shrinking kernel (Property 1) implies that once a state direction is
deemed irrelevant or forgotten from an energy perspective (i.e., enters Ker(Q(t))), it structurally remains so
according to the fixed energy measure Q(t). The gating mechanism cannot manipulate Q(¢) to "un-forget"
this mode. Furthermore, Property 2 ensures that the system dynamics and the evolution of Q(t) itself
must maintain energy consistency within this forgotten subspace, respecting the required dissipation rate 5.
Any gating strategy x(t) must induce dynamics (A(¢,x), B(t,z), C(t,x)) compatible with these constraints
(Property 3). This provides a lens for analyzing robust memory properties: modes in Ker(Q(t)) are stably
forgotten. It also offers potential insights into phenomena like catastrophic forgetting in learning systems;
if learning adapts a Q(t)-like structure, changes that violate kernel inertness or energy consistency might be
necessary to learn new conflicting information, potentially disrupting the established passive structure.

A.7 Proof of Theorem [7.1]

We analyze the time derivative of the Lyapunov function candidate Vo (¢, h(t)) = 1h(t)? Q(t)h(t) along the

1,1

trajectories of the full system equation Since @ € W, its derivative Q(t) exists a.e. and lies in L, .

Using the chain rule and substituting the dynamics h(t) = A(A(t), z(t))h(t) + B(A(t), z(t))u(t), we obtain

4

_Liws Ly Lom i
iVa(t.h(D) = Sh"Qh+ Sh" Qh + S Qh

= %hHQh +Re(h7 Qh)
- %hHQh + Re(h7Q (A(t, 2(t)h + B(t, 2(t))u(t)))

= %hH (Q) + QA(t (1)) + At 2(1)) Q1)) h + Re(7Q(t) B(t,z(t)) u(t)) .

Input Part

Homogeneous Part

Here, A(t,z(t)) stands for A(A(t),z(t)), and similarly for B.

1. Homogeneous part. By the uniform dissipativity assumption equation which holds for the specific
selection value x = x(t) occurring at time ¢, we have

SR (Q) + QUAL, (1)) + Alt,2(1) QD) h < SH (~25Q(1))h = ~5hQ(1)h = ~28Vi(t, h(1)).

2. Input part. We bound the input term using |R(z)| < |z| and Cauchy—Schwarz:

[Re(h7 Q) B(t, 2(t))u(t))| < [h7 Q) B(t, x(t))u(t)]
< IR 1QW) s | Bt 2(®))]l2 [u(®)]
< |h(t)]| ks M lu(®)]|  (since Q(t) < kol and [|B(A(),2) ]2 < Mp).

Using Q(t) > k11, we have

Volt,h(0) = 3@ Sl = a0 < |/ 2Vl o).

Therefore,

[Re(R" Q(t)B(t, z(t))u(t))| < <\/Zk2M3> llu(®)]l v/ Vo (t, h(t)). (36)
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3. Differential inequality for V. Combining the homogeneous and input bounds yields, for almost
every t,

EValt. (1) < ~23Vo(t. ) + ([ kadn ) 10y Vale: o), (37)
Let ®(t) = Vo (t, h(t)) > 0 and define K = \/kZ koMp. Then
B(t) < —200(t) + K||u(t)||/®( for a.e. t. (38)

4. Comparison inequality via ¥ = /®. Define ¥(t) = /®(t). For almost every t such that ®(t) > 0,

() = s < R ZROVED - gue) + (o)

2,/ ®(t) 24/P
Hence,
. K
U(t) < —60(t) + ?Hu(t)” for a.e. t. (39)
By the comparison principle (integrating factor argument),
i K
W) <o) + [ e (o) dr (10)
to
Let
[[ullf0,1],00 = ess sup [u(T)]-
to<7<t
Then
s K K b s
/ o >5||u(7)\| dr < 5 ||u||[t0)t]7oo/ e—9t=7) 4r
to to
K 1 — e 9(—t0)
= 5 Il .00 - —5——
K
< % ”uH[to,t],oo
Therefore,
K
() < e TW(to) + o [full .00 (41)
5. Convert back to ||h(t)||. Substituting ¥ = /Vg and using k11 < Q(t) = ko (for all t),
k1 k2
Vo(t,n(t)) = 4/ 5 IA@)]; Va(to, h(to)) < /5~ I (to)ll.
Thus,
kq
5 RN < 4/ Vot h(t)
5(t— K
< 001y Vg (to, h(to)) + % l[llto,61,00
< et IIh(to)II + 35 IIUH [t0,1],00
Dividing by \/k1/2 gives
ko _sip_ koMp
IR < /7= e [h(to) | + l[allf20,11,00- (42)
k1 Ok
H/—/

=K’
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This is exactly the ISS estimate equation [21| with C' = \/ky/k1, 5 = J, and o(s) = K's.

Summary: Under a common quadratic Lyapunov function Vg with uniform bounds and a uniform decay rate
equation [20| holding for all admissible selection values x (hence for any selection schedule x(-)), the selective
SSM is ISS with respect to the port input wu(-), with a linear gain depending on ki, k2,6 and the uniform
bound Mg on B(A(t),x).

A.8 Explanation of Comparison Principle and derivation of Eq.

We start from the differential inequality derived for ¥(¢):

(1) < ~0W (1) + )] (43)
which can be rewritten as K
U(t) +60(t) < 5 llu@ll (44)

where § > 0. This is a standard first-order linear differential inequality. Its solution bound can be obtained
either by the explicit method of integrating factors or by invoking a suitable comparison lemma. Both
approaches lead to the same upper bound, namely Eq. equation [0}

Method 1: Integrating factor (standard ODE technique). Multiply both sides of equation by

the integrating factor e%t:

SN (1) + 5P (t) < e‘st%Hu(t)H. (45)

Recognize the left-hand side as the derivative of a product:

%(e‘”\ll(t)) = (1) + 61U (2). (46)
Hence,
L () <o (o] (47)

Integrating both sides from ¢g to ¢t (using 7 as the integration variable) gives

tda b K
/ 9 (57w (r)) dr < / e (o) . (48)
1 AT to 2
By the Fundamental Theorem of Calculus,
b K
() - 0 (to) < [ 7 fu(r)] dr. (19)
to

Solving for ¥(t) yields

t
K
W(0) <)+ [ ()] dr
to

t
K
:efé(tfto)\lj(to)+/ 6—6(t—r)5||u(7)||dr, (50)

to

which is exactly Eq. equation [40]

Method 2: Comparison lemma (a Gronwall-type argument). A common comparison lemma states
the following: if 7(-) is absolutely continuous and satisfies

n(t) < a(t)n(t) +b(t) a.e. on [to,1],
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and if ¢(-) solves the corresponding equality

C(t) = a(®)S(8) +b(t),  C(to) = n(to),
then n(t) < ¢(t) for all ¢t > t.

In our case, equation has a(t) = —0 and b(t) = £|lu(t)||. The solution of the equality ¢=—0C+ Ellu(t)||
with ((tg) = ¥(to) is given by variation of constants:

t
)=o) + [ eI ur) (51)

to

By the comparison lemma, ¥(t) < (), which again yields Eq. equation

B Toy Simulations lllustrating the Continuous-Time Theory

This appendix presents three small simulation studies that illustrate the structural results of Sections
The runs here are deliberately small-scale: they use synthetic dynamics rather than real Mamba selective
scans, and their purpose is pedagogical, not benchmark-setting. The full empirical evaluation of the dis-
crete LMI regularizer on a real Mamba-based forecasting architecture appears in Section [8] with extended
experimental details in Appendix [C]

B.1 Initialization’s Decisive Impact on the Energy Landscape

Objective. This experiment provides a concrete demonstration of the core claims in Section [ that a
model’s initialization directly governs its intrinsic stability and memory-vs-stability trade-off. It illustrates
Theorem by exhibiting cases where a quadratic energy function V, o(h) = LhTQoh exists and behaves

-2
as the theory predicts, and a control case where it does not.

Setup. We compared three initialization strategies for the frozen-selection state matrix Ao (t) = A(A(t),0)
of an 8-dimensional SSM (N = 8).

1. HiPPO-style initialization (Ag): Eigenvalues are generated to be stable (negative real parts)
but clustered near the imaginary axis, with the rightmost (slowest) eigenvalue at Re(\) ~ —0.1.

2. Random Stable initialization (Ag): Eigenvalues are randomly generated but constrained to be
in the left half-plane, resulting in a wider spectral spread. The rightmost eigenvalue is at Re(\) =~
—0.52.

3. Random Unstable initialization (Ay): Eigenvalues are drawn from the same distribution as Ag
but without the stability constraint, resulting in a dominant eigenvalue at Re(\) &~ +0.79.

For each Ag, we first attempted to find a corresponding quadratic energy matrix Q¢ by solving the continuous-
time Lyapunov equation AT Qg + QoAg = —I. We then simulated the frozen-selection system (x(t) = 0) by
feeding it a white-noise port input u(t) for 5 seconds to populate its state, after which the port input was
turned off (u(t) = 0) to observe the free energy decay.

Results & Interpretation. Our findings, summarized in Figure [3| provide strong empirical validation
for our theory:

« Existence of a Valid Energy Function (Qo): Both the HiPPO-style and Random Stable initial-
izations admitted a unique, positive-definite solution Qg to the Lyapunov equation (with condition
numbers of & 21 and =~ 13, respectively). The Random Unstable initialization failed to produce a
valid solution, yielding an indefinite matrix, confirming that no quadratic energy function exists for
an unstable system.
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e Spectral Gap Governs Memory: The slowest decay rate is dictated by the rightmost eigen-
value. The spectral gap for HIPPO (~ —0.1s71) was five times smaller than for Random Stable
(~ —0.52s71). Consequently, after the input was removed, the state norm of the HiPPO-initialized
model took = 23 seconds to decay by two orders of magnitude, while the Random Stable model did
so in just & 4 seconds. The Unstable model diverged exponentially.

o Energy Trajectories Confirm Theory: The energy V, o(t) = %h(t)TQoh(t) for the HIPPO model
decayed almost perfectly linearly on a log-scale with a slope of ~ —0.1, illustrating a long memory
horizon. The Random Stable model’s energy decayed five times faster.

This experiment confirms that merely being stable is insufficient. The precise spectral placement of Ay, as
achieved by principled initializations like HIPPO, directly governs the memory-vs-stability trade-off, exactly
as our energy-based theoretical framework predicts.

Impact of Initialization on SSM Energy Decay
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Figure 3: Energy decay V, o(t) on a log-scale for an 8-D SSM with three different initializations after the port
input u(t) is removed (set to zero) at ¢ = 5s. The HiPPO-style initialization yields a valid energy function
and a slow decay rate (long memory). The Random Stable initialization also has a valid energy function but
decays much faster (short memory). The Unstable initialization has no valid energy function and diverges.

B.2 \Visualizing Irreversible Forgetting via Rank-Deficient Gating

Objective. This experiment is designed to provide a concrete, visual demonstration of the "irreversible
forgetting" concept introduced in Section [5| It illustrates Theorem (rank monotonicity of any universal
quadratic storage matrix) and Theorem [5.4] (kernel inertness) on a small synthetic switched system.

Setup. We construct a 3-dimensional linear system h = A(t)h that can be switched between two operating
modes via a gating signal. Each mode is defined by a state matrix A; and an associated minimal storage
matrix @;. The storage matrices are the unique positive semidefinite solutions to the continuous-time
Lyapunov equation ATQ; + Q;A; = —CT C;, which defines the energy landscape for an observable system.
Modes of the system are:

e Mode 1 (Full-Rank Storage): The system dynamics are governed by A4; =
diag[—0.2,—0.3,—0.4]. We choose Cy = I3, representing full observability of the state. The re-
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sulting storage matrix (7 is full-rank (rank=3), meaning the system can store energy in all three
state dimensions.

o Mode 2 (Rank-Deficient Storage): The dynamics are governed by A, = diag[—0.2, —0.3, —15].
The large negative eigenvalue is designed to rapidly dissipate the third state component. We choose
Cy = diag]1, 1, 0], making the third state dimension unobservable. The resulting storage matrix Q-
is rank-deficient (rank=2), with the third dimension lying in its kernel (Ker(Q2)). In this mode, the
system loses the capacity to store energy in the third dimension.

Simulation Protocol. We simulate the homogeneous system (no input channel) from a random initial
state with non-zero components in all dimensions. The gating signal switches the system’s mode according
to the following timeline:

e 0s <t < 5s: The system operates in Mode 1 (full-rank energy storage).
e 5s <t < 10s: The gating switches the system to Mode 2 (rank-deficient storage).

e t > 10s: The gating attempts to switch the system back to Mode 1.

Theoretical Prediction & Results. Our theory predicts that if a single, universal quadratic storage
function Vg (t) governs the entire trajectory, its defining matrix @(¢) must have a non-increasing rank. More
precisely, in this case:

e The switch at t = 5s is permissible, as the storage rank can decrease from 3 to 2.

e The attempted switch back at ¢ = 10s, however, would necessitate an increase in the storage rank
from 2 to 3. This violates the rank monotonicity property inherent to AUC),. functions.

This implies that no single Vi (¢) can certify passivity for the entire trajectory. The "forgetting" of the energy
storage capacity in the third dimension is, from the perspective of a single passive structure, irreversible.

The simulation results, visualized in Figure[d] confirm this prediction empirically. During Mode 2, the third
state component (hg) rapidly collapses to zero and, crucially, does not recover even after the system dynamics
are switched back to Mode 1. The system becomes permanently confined to the two-dimensional subspace.
This provides a clear, empirical illustration of our theoretical claims: once the system’s energy storage rank
collapses due to gating, it cannot be increased again without violating the fundamental constraints required
for a stable, passive system.

B.3 LMI Regularization for Improved Training Robustness on a Toy System

Objective. This experiment validates, on a small synthetic system, the central practical claim that mo-
tivated the discrete-time bridge of Section [6} that the continuous-time LMI condition from Theorem [5.2]
can be used as a regularizer to train more robust selective SSMs. The full evaluation of the discrete-time
analogue of this regularizer on a real Mamba-based architecture is in Section

Setup.

o Task: We designed a challenging 1D tracking task where the SSM’s output y(¢) must track a "spiky"
reference signal r(t) composed of steps and sharp impulses, designed to provoke large internal state
excursions.

o Model: We use a 2-dimensional (N = 2) selective SSM. We use the coupled case u(t) = x(t), so
the same signal both selects parameters and drives the dynamics. The state matrix is explicitly
selection-dependent to ensure selectivity: A(z) = Apase + tanh(z) - Agel, where Apase and Ay are
learned 2 x 2 matrices. The input matrix B and output matrix C are also learned.
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Visualization of Irreversible Forgetting
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Figure 4: Illustration of irreversible forgetting. The rank of the underlying minimal storage matrix is plotted
over time (or implied by state trajectories). The system switches from a full-rank mode (rank=3) to a rank-
deficient mode (rank=2) at ¢t = 5s, causing the third state component to collapse. Our theory proves that
any attempt to switch back in a way that increases the rank of a universal storage function (e.g., the dashed
red line) is incompatible with maintaining a single, passive energy structure, demonstrating the irreversibility
principle from Theorem [5.1]

e« LMI Regularizer: We employ the LMI from Theorem [5.2] For simplicity and to demonstrate the
core principle, we fix the storage matrix () = I. The regularization loss is defined as the magnitude
of the LMI violation: Ly = max(0, Amax(L(z))), where L£(x) is the LMI matrix evaluated for the
selection value = (equivalently for the port input since w = x in this experiment).

e Two Training Conditions: We compare two models: 1. Baseline Model: Trained only with the
task loss, Liotal = Liask, Where Liagx = MSE(y(¢),r(¢)). 2. LMI-Regularized Model: Trained
with the combined loss, Liotal = Liask + 77 - LLm1, using a small regularization weight v = 0.01.

Results and Interpretation. The results of the experiment, evaluated on a held-out test set, are sum-
marized in Table

Table 7: Comparison of Baseline vs. LMI-Regularized SSM on a challenging tracking task.

Model Task MSE (Test) Max State Norm ||2||., Max LMI Violation
Baseline Model 0.073 18.4 3.51
LMI-Regularized Model 0.081 1.9 0.003

The results lead to three clear conclusions:

1. Robustness is Dramatically Improved: The most interesting result is in the maximum state
norm. The baseline model, while achieving a slightly better task MSE, does so by allowing its
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internal state to reach a very large norm (18.4). This is indicative of a model operating on the edge
of instability, vulnerable to exploding states. In contrast, the LMI-regularized model’s state
norm is an order of magnitude smaller (1.9). It has learned to perform the task while keeping
its internal dynamics constrained and provably more stable.

2. The Regularizer Works as Intended: The "Max LMI Violation" column shows that the regu-
larizer was highly effective. The baseline model frequently and significantly violates the passivity
condition (max violation of 3.51). The regularized model has learned parameters that keep the
LMI matrix negative semidefinite (max violation is near zero), successfully enforcing the theoretical
condition for stability derived in our work.

3. Minimal Impact on Task Performance: Crucially, this significant gain in robustness comes at
a negligible cost to task performance. The MSE of the regularized model is only marginally higher
than the baseline, demonstrating that a stable, well-behaved solution exists that is also effective for
the task.

To conclude, this experiment demonstrates on a small toy system that our theoretical condition can be
directly translated into a practical tool for improving training robustness. The discrete-time analogue of this
regularizer, applied to a real Mamba selective-scan core, is evaluated systematically in Section

C Extended Mamba/SST Experimental Details

This appendix collects the experimental details that did not fit in Section [§] We give the full training and
architecture configuration in Appendix additional per-dataset and per-run breakdowns of the headline
discrete LMI result in Appendix [C.2] the milder LMI-weight regime that complements the conservativeness
ablation in Appendix [C.3] the full per-mode breakdown of the robustness study in Appendix [C.4] and
the per-dataset breakdown of the router-stability ablation in Appendix Aggregate analysis CSVs and
additional plots are released alongside the paper.

C.1 Architecture, Datasets, and Training Configuration

Architecture. We use SST (Xu et al., [2025) as the host architecture. SST routes a Mamba long-range
expert and a short-range branch via a learned router; we apply our discrete LMI regularizer only to the
Mamba branch. For the smaller datasets (ETThl, ETTh2, ETTm1, ETTm2, weather), Mamba is configured
with model dimension d,, = 16, two heads, d; = 64. For the larger datasets (electricity, traffic), d,, = 32,
four heads, dy = 128. All other architectural details follow the SST defaults.

Datasets and horizons. We use the seven public time-series benchmarks ETThl, ETTh2, ETTm]l,
ETTm2, weather, electricity, and traffic, with the standard train/val/test splits. The look-back win-
dow is seq len = 672, the label length is label len = 336, and the prediction horizons are pred_len €
{96, 192,336, 720}, giving the 7 x 4 = 28 dataset—horizon pairs reported throughout Section

Training. All variants use the SST default optimizer, learning-rate schedule, and number of epochs. The
discrete LMI regularizer of equation [19]is added to the standard task loss with weight Ay € {1073,1072}
depending on the regime: Apng = 1072 is the milder weight studied in Appendix ALvt = 1072 is the
headline weight used in Sections with 3 = 1073 and P € {I,diag(q)}. The optional projection
step that re-PSDifies P after each update was effectively non-binding in our runs (yielding outputs visu-
ally identical to the non-projection variant on every diagnostic), so we report results for it only briefly in
Appendix [C4] and do not present it as a central component. Each variant is trained with three seeds; the
aggregate numbers in Section [§] are means over seeds.

C.2 Discrete LMI Regularization: Per-Run Breakdown

The aggregate result of Section [8.2] is that the discrete LMI regularizer reduces mean Mamba-core LMI
violation by approximately 92% (28/28 pairs) while clean MSE differs by less than 0.018% per run. The
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per-run picture, in the form of paired MSE deltas vs. the unregularized baseline, is shown in Figure
The per-dataset breakdown of how strongly Apmax(Lx) is reduced is shown in Figure @, complementing the
mean-violation plot in the main paper.
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Figure 5: Per-run clean-test MSE delta vs. baseline of the LMI-regularized SST, sorted by dataset and
horizon. Across 28/28 paired runs, the MSE delta is below 0.018%, with most deltas under 0.005%. The
largest delta appears at traffic, pred_len = 720, the regime where the regularizer pushes hardest on the
Mamba core.

Max LMI Eigenvalue

B SST + discrete LMI
W SST baseline
2.0 A
o 157
o
Qo
£
©
s
s 1.0
0.5 1
0.0 -

Figure 6: Per-dataset reduction in Ayax(Lx) between baseline SST and the LMI-regularized variant, averaged
across the four prediction horizons. The reduction is strict on every dataset; the residual positive value of
Amax 18 the basis for the “substantial reduction in violation, not certified passivity” framing in Section

C.3 Mild LMI-Weight Regime

The conservativeness ablation in Section reported the strong LMI-weight regime Apyr = 1072, Here we
report the same comparison with the milder weight Ajyp = 1073, which probes how much of the conservative-
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ness story depends on the strength of the regularizer. Aggregate results across the same 28 dataset—horizon
pairs are summarized in Table

Variant Clean MSE Mean LMI viol. gmean Qlog-std
SST baseline 0.385804 0.035824 - -
SST + discrete LMI (P = I, mild) 0.385809 0.007541 - -
SST + discrete LMI (diag-Q, mild) 0.385809 0.007537 1.0002 3.8 x 10™*

Table 8: Mild-weight (Apnr = 1072) conservativeness ablation. The regularizer reduces mean Mamba-
core LMI violation by approximately 79% in this regime, and diag-Q remains a strict (if smaller) Pareto
improvement over P = I (28/28). The learned ¢ stays much closer to identity than under the strong weight,
a useful sanity check that the diagonal mechanism is responsive to the regularizer strength.

The conservativeness conclusion of Section B3] carries through. Under the milder regime, the relative gap
between P = I and diag-Q is smaller (paired-run violation reductions average —0.05% vs. the —0.22% of
the strong regime) and the learned ¢ moves visibly less from identity. This is the expected sensitivity to the
regularizer strength: when the LMI penalty is small, the optimizer does not need diagonal storage flexibility
to satisfy it, and accordingly ¢ stays close to its initialization.

C.4 Robustness Diagnostics: Per-Mode Breakdown

The aggregate robustness result of Section averages across five injected perturbation modes. The corre-
sponding state-norm picture is in Figure[7] The robust MSE picture, with all six variants superimposed, is

in Figure
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Figure 7: Mean max SSM state norm per dataset and per perturbation mode. The state-norm reduction is
small in absolute terms (mean —3.4%, peaking at —11% on the worst-state-norm runs) but holds in 35/35
pairs, providing a complementary internal diagnostic to the LMI-violation picture.

On the projection variant. The projection-only variant (no LMI regularizer, just the post-update pro-
jection) is statistically indistinguishable from the unregularized baseline across all robustness diagnostics in
our runs. The LMI-with-projection variants (both P = I and diag-Q) are statistically indistinguishable from
their non-projection counterparts. We interpret this as evidence that the projection step is not binding in
our setting and accordingly do not promote it as a meaningful design choice.
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MSE by perturbation mode
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Figure 8: Robust forecasting MSE per dataset and per perturbation mode. All six variants (baseline,
projection-only, P = I LMI, P = I + projection, diag-@Q, diag-Q) + projection) overlap visibly on every cell.
This is the visual face of the “no robust-MSE improvement” finding discussed in Section [8.4} the regularizer

does not change end-to-end task error under perturbation, even though it changes Mamba-core internal
diagnostics consistently.

C.5 Router-Stability Ablation: Per-Dataset Detail

The aggregate result of Section is that adding the router-stability penalty preserves clean MSE in 28/28
runs and consistently nudges the Mamba branch downward in 28/28 runs, but the train-time correlation
between Mamba weight and LMI violation is essentially zero on aggregate (40.0043). The per-dataset

breakdown of this train-time correlation is in Figure E per-run deltas in Mmyeight vs. the LMI-only variant
are in Figure
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Figure 9: Per-dataset train-time correlation between the router’s Mamba weight and the local LMI violation,
under the energy-aware router penalty. The signs are inconsistent across datasets, ranging from —0.107 on
ETTh1 (negative correlation, the desired energy-aware direction) to +0.054 on ETTm]1 (positive correlation,
the wrong direction). This dataset-level inconsistency is the precise reason we do not interpret the aggregate
(40.0043) as evidence of a learned energy-aware schedule.

What the per-dataset breakdown adds. On ETTh1 specifically, the train-time correlation is negative
(—0.107) and consistent across all four horizons of that dataset. This shows the energy-aware mechanism
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Mamba Weight Delta: LMI + Router vs LMI
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Figure 10: Per-run myeight delta of the router-energy variant relative to the LMI-only variant. Every bar is
negative (28/28 runs nudge the Mamba branch downward), confirming the directional finding of Section [8.5]
but the magnitudes are uniformly in the 107° to 10~ range.

is in principle capable of producing the desired sign of correlation, but it does not generalize to a uniform
negative-sign pattern across the other six datasets. We expect that the underlying issue is that the router is
trained on clean inputs, where local LMI violations are not strongly correlated with task loss, so the router
has no incentive (in the task-loss gradient) to actively avoid the Mamba branch when the Mamba core is
locally near a violation. The most direct path to a genuinely learned, energy-aware schedule, as discussed
in Section [J] is to retrain with injected perturbations so that violation magnitude becomes correlated with
task loss; we leave this as future work.
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