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Time-Optimal Planning for Quadrotor Waypoint Flight
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Fig. 1: A time-optimal trajectory. This time-optimal flight path was computed using the pfof)osed complementary progress
constraints (CPC) and executed in a motion capture system, outperforming the best human expert.

Abstract—Quadrotors are amongst the most agile flying
robots. However, planning time-optimal trajectories at the
actuation limit through multiple waypoints remains an
open problem. This is crucial for applications such as
inspection, delivery, search and rescue, and drone racing.
Early works used polynomial trajectory formulations,
which do not exploit the full actuator potential due to their
inherent smoothness. Recent works resorted to numerical
optimization, but require waypoints to be allocated as costs
or constraints at specific discrete times. However, this time-
allocation is a priori unknown and renders previous works
incapable of producing truly time-optimal trajectories. To
generate truly time-optimal trajectories, we propose a
solution to the time allocation problem while exploiting
the full quadrotor’s actuator potential. We achieve this by
introducing a formulation of progress along the trajectory,
which enables the simultaneous optimization of the time-
allocation and the trajectory itself. We compare our
method against related approaches and validate it in real-
world flights in one of the world’s largest motion-capture
systems, where we outperform human expert drone pilots
in a drone-racing task.
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I. INTRODUCTION

Autonomous drones are nowadays used for
inspection, delivery, cinematography, search-and-
rescue, and entertainment such as drone racing [1].
The most prominent aerial system is the quadrotor,
thanks to its simplicity and versatility, ranging from
smooth maneuvers to extremely aggressive trajecto-
ries. This renders quadrotors amongst the most agile
and maneuverable aerial robots[2, [3]].

However, quadrotors have limited flight range,
dictated by their battery capacity, which limits how
much time can be spent on a specific task. If the task
consists of visiting multiple waypoints (delivery,
inspection, drone racing [4-6]), doing so in minimal
time is often desired, and, in the context of search
and rescue or drone racing (Fig. [T), even the ulti-
mate goal. In fact, expert human drone racing pilots
accomplish this with astonishing performance, guid-
ing their quadrotors through race tracks at speeds
so far unreached by any autonomous system. This
begs the question of how close human pilots fly
to the theoretical limit of a quadrotor, and whether
planning algorithms could find and execute such
theoretical optima.

For simple point-mass systems, time-optimal tra-
jectories can be computed in closed-form, resulting
in bang-bang acceleration trajectories [7], which can
be sampled over multiple waypoints [8]. However,
quadrotors are underactuated systems that need to
rotate to adjust their actuated acceleration direction,
which always lies in the body z-axis [9, [10]. Both
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the linear and rotational acceleration are controlletitional discretized state space formulations ineffec-
through the rotor thrusts, which are physically limtive for time-optimal trajectory generation through
ited by the actuators. This introduces a couplingultiple waypoints.
in the achievable linear and rotational accelera-We investigate this problem and provide a solu-
tions. Therefore, time-optimal planning becomes thi®n that allows simultaneously optimizing the tra-
search for the optimal tradeoff between maximizingctory and waypoint allocation in a given sequence,
these accelerations. exploiting the full actuator potential of a quadro-
tor. Our approach formulates a progress measure
for each waypoint along the trajectory, indicating
A. Related Work completion of a waypoint (see Fig. 2). We then
Two common approaches for planning quadrotartroduce a "Complementary Progress Constraint”
trajectories exist, continuous-time polynomials an@PC), that allows completion only in proximity to
discrete-time state space representations. The egstvaypoint. Intuitively, proximity and progress must
option is the widely used polynomial formulatiorcomplement each other, enforcing completion of all
[10-+12] exploiting the quadrotor's differentially- at waypoints without specifying their time allocation.
output states with high computational efciency. There already exists a number of works towards
However, these polynomials are inherently smootime-optimal quadrotor ight [21-24], which, how-
and therefore cannot represent rapid state or inmwer, all suffer from severe limitations, such as
changes (e.g. bang-bang [7]) at reasonable ordeniting the collective thrust and bodyrates, rather
and only reach the input limits for in nitesimalthan the actual constraint of limited single rotor
short durations, or constantly for the full trajectoryhrusts.
time. This renders polynomials suboptimal since The two earlier works [21, 22] are based on
they cannot exploit the full actuator potential. Botthe aforementioned bang-bang approaches extended
problems are visualized and further explained through numerical optimization of the switching
Section A, in the supplementary material. times [21] and a trajectory representation using
The second option includes all approaches usiagconvex combination of multiple analytical path
time-discretized trajectories which can be founinctions [22]. However, both are restricted to 2-
using search and sampling-based methods [1@mensional maneuvers, whereas our approach gen-
16] or optimization-based methods [17-20]. Howeralizes to arbitrary 3D waypoint sequences.
ever, sampling the&l-dimensional continuous input Another approach is taken in [23], where a
space over many discrete time steps with sufechange of variables along an analytic reference
cient resolution quickly becomes computationallgath is used to put the vehicle state space into a
intractable, which is why prior work [13-16] re-traverse-dynamics formulation. This allows using
stores to point-mass, polynomial, or differentialthe arc length along the reference path as a progress
atness approximations, and therefore does not hameasure and enables the formulation of costs and
dle single-rotor thrust constraints. Therefore, plagonstraints independent of the time variable. How-
ning time-discretized trajectories with optimizationever, as in the previous works, they simplify the
based methods is the only viable solution in thg@atform limits to collective thrust and bodyrates,
short-medium term. In such methods, the systemeglecting realistic actuator saturation. Furthermore,
dynamics and input boundaries are enforced as calie to the use of Euler angles, their orientation
straints. In contrast to the polynomial formulationrspace only covers a subset of the feasible attitudes
this allows the optimization to pick any input withinand limits the solutions to a, possibly sub-optimal,
bounds for each discrete time step. For a timsubspace.
optimal solution, the trajectory timg, is part of Finally, [24] uses a completely different ap-
the optimization variables and is the sole term in thproach, where the segment times of a polynomial
cost function. However, if multiple waypoints mustrajectory are re ned based on learning a Gaussian
be passed, these must be allocated as constraint€lassi cation model predicting feasibility. The clas-
speci ¢ nodes on the trajectory. This time allocatiosi cation is trained on analytic models, simulation,
is a priori unde ned, since the time spent betweesnd real ight data. While emphasizing real-world
any two waypoints is unknown, which renders trapplicability, this approach is still constrained to



polynomials and requires real-world data speciwhereg(x) and h(x) contain all equality and in-
cally collected for the given vehicle. Furthermoregquality constraints respectively. The full state space
it is an approximate method which only re nes th& is used equivalently to the terroptimization
execution speed of a prede ned trajectory, rathe@ariables The costL (x) typically contains one or
than modifying the trajectory itself to a time-optimamultiple quadratic costs on the deviation from a

solution, as opposed to our method. reference, costs on the systems actuation inputs, or
other costs describing any desired behaviors.
B. Contribution 1) Multiple Shooting Method:To represent a

In contrast to existing methods, our approacqiynamic system in the state space, the system state
resolves these problems by taking inspiration froix is described at discrete timdg = dt k at
optimization under contacts [25], proposing thk 2 [0;N], also called nodes, where its actua-
formulation ofcomplementary progress constraintdion inputs between two nodes atg at ti with
where we introduce a measure of progress ald [0;N). The systems evolution is de ned by the
complement [26] it with waypoint proximity. More dynamicsx = fqyn(X;u), anchored ako = Xinit ,
speci cally, we formulate two factors that mus@nd implemented as an equality constraint of the
complement each other, where, in our case, ofif1-order Runge-Kutta integration schenf<@):
factor is the completion of a waypoint (progress),
while the other factor is the local proximity to a
waypoint (Fig. 2). Intuitively, a waypoint can onlyyyhich is part ofg(x) = 0 in the general formulation.
be marked as completed when the quadrotor fgyin x,, u, are part of the state space and can be
within a certain tolerance of the waypoint (Fig. 3)s,;mmarized as the vehicle's dynamic statagn

allowing simultaneous optimization of the state angt odek. Note that this renders the problem formu-

input trajectory, and the waypoint time allocation. |ation non-convex for non-linear system dynamics.
We demonstrate how our formulation can gen-

erate trajectories that are faster than human ex- _ _ o
pert ights and evaluate it against two professiondlime-Optimal Trajectory Optimization

human drone racing pilots, outperforming them in optimizing for a time-optimal trajectory means
terms of lap time and consistency on a 3D ragGRat the only cost term is the overall trajectory
track in a large-scale motion capture system (Fig. }jme (x) = ty. Thereforety needs to be in the
Since our proposed optimization problem is highlystimization variables = [ty;:::]", and must be

non-convex, we also provoke non-convexity effeCfsysitive ty > 0. The integration scheme can then
in simulation experiments in the supplementary mgg adapted to uset = ty=N.

terial (Section B).
Our method can not only serve as a baseline for
time-optimal quadrotor ight but might also nd A. Passing Waypoints through Optimization

applications in other elds, such as (multi-) target T, generate trajectories passing through a se-
interception, orbital maneuvers, avoiding mixeqjuence of waypointp,; with j 2 [0;:::;M], one
integer formulations [27], and any problem wherg,oy g typically de ne a distance cost or constraint
a sequence of task goals of unknown duration mugty ajiocate it to a speci ¢ stategyn at nodek

be optimized under complex dynamic constraintsyit time t,. For cost-based formulations, quadratic

distance costs are robust in terms of convergence
and implemented as

X1 Xk dt frea(Xk;uk) =0 (2)

[I. METHODOLOGY
General Trajectory Optimization

The general optimization problem of nding the Laisti = (Px Puwj)” (P Puj) 3
minimizer x for costL(x) in the state space 2

R can be stated as wherepy, part of X, is the position state at a user

de ned timet,. However, such a cost-based formu-
X = arg minL(x) (1) lation is only a soft requirement and if summed with
) X other cost terms does not imply that the waypoint
subjectto g(x)=0 and h(x) 0 is actually passed within a certain tolerance. To



Fig. 2: Progress variables.Top: state-of-the-art xed alloca- Fig. 3: Complementary progress constraint. The progress
tion of positional waypoint,; to speci ¢ nodesx;. Bottom: change can only be non-zero if the distance to the waypoint
our method of de ning one progress variablg per waypoint. Pw is less than the toleranak, . This is not the case foxo,
The progress variable can switch frofn (incomplete) to but for x;, and allowing the progress variable to switchto

0 (completed) only when in the proximity of the relevanfcomplete).

waypoint, implemented as a complementary constraint.

o ‘where , * can form equality or inequality con-
guarantee to pass within a tolerance, constrailiraints. Finally, to ensure that the waypoints are
based formulations can be used, such as passed in the given sequence, we enforce subsequent

Pk Pwi)” (Pk  Pw) j2 (4) progress variables to be bigger than their prequel at

o _ each timestep by
which in the general problem is part bfx) 0,

and requires the trajectory to pass by waypgiait LA™ 8 k2 [ONTj2[0M): (7)

positionpy; within tolerance ; at timety. Note that the last waypoinp.y is always

, reached at the last nodetat, and, therefore, could

B. Progress Measure Variables be implemented as a xed positional constraint on
To describe the progress throughout a track weg , without loss of generality.

want a measure that ful lls the following require-
ments: (I) it starts at a de ned value, (Il) it must~
reach a different value by the end of the trajectory, _ _
and (Ill) it can only change when a waypoint is In the context of waypoint following, the goal
passed within a certain tolerance. To achieve thi§, ©© allow , to only be non-zero at the time
let the vector 2 RM de ne the progress variablesof passing a waypoint. Thereforéyog and =

I at timestept, for all M waypoints indexed b * = 0 are chosen to representcamplementarity

j. All progress variables start at 1 as in, = 1 constraint[25], as

and must reach 0 at the end of the trajectory as forogi (Xi; k)= & Kpk  Pujké:=0

in n = 0. The progress variables are chained 8j 2 [0:M] (8)

together and their evolution is de ned by '

1=« ) (5) which can be interpreted as a mathematidaND
(not and)function, since either | or kpx  pujk

where the vector , 2 R indicates the progressmust be0. Intuitively, the two elementsomplement
change at every timestep. Note that the progress @&fth other.

only be positive, therefore!, 0. Both  and
K ‘for every tlmestep.are part of the_ optlmlza'Flo%_ Tolerance Relaxation
variablesx, which replicates the multiple shooting™" ' .
scheme for the progress variables. To de ne whenWith (8) the trajectory is forced to pasxactly

and how the progress variables can change, we nough a waypoint. Not only is this impractical,
imply a vector of constraint§,e, On |, in its SINCe often a certain tolerance is admitted or even

general form as wanted, but it also negatively impacts the con-
_ . vergence behavior and time-optimality, since the
ko fprog(Xis «) k (6) system dynamics are discretized and one of the

omplementary Progress Constraints



discrete timesteps must coincide with the waypoirdnd the complementary progress constraint with
Therefore, it is desirable to relax a waypoint conelerance
straint by a certain tolerance which is achieved by

extending (8) to L okpe pukd | =0 (13)
| | o L & o (14)
forogi Xk; )= & KPk  Puwi K3 L =0 k k tol
subjectto 0 | d2,8j 2 [O;M] (9) Note that constraints (13, 14) are non-linear due
(0] ’

_ to the norm on distance and the bilinearity of the
where | is a slack variable to allow the distancgrogress change and tolerance slack.

to the waypoint to be relaxed to zero when it is
smaller thand,,, the maximum distance toIeranceE
This now enforces that the progress variables cannot _ _
change, except for the timesteps at which the systeml € quadrotor's state space is described be-
is within tolerance to the waypoint. FurthermordWeen the inertial frameé and body frameB, as
please note that the spatial discretizatiordepends X = [Pie;dis;Vis ;! 8]” corresponding to posi-
on the number of nodeN and the speed pro le. It tion pis 2 R, unit quaternion rotation on the
should hold thats < d o, to always allow at least fotation groupgie 2 SO(3) given kggk = 1,
one node to lie within the tolerance, as visualizéglocity vis 2 R®, and bodyrate g 2 R® The

in Fig. 3. This can be veri ed after the optimizatioinPut modality is on the level of collective thrust
and approximated beforehand sy D=N,where Tg = 0 O Ts; =~ and body torque g. From

D is the cumulative distance between all waypointBere on we drop the frame indices since they are
consistent throughout the description. The dynamic
equations are

Quadrotor Dynamics

D. Optimization Problem Summary

The full space of optimization variables con- =v q= 1 Q) 0

. . . . 2 |

sists of the overall time and all variables assigned

to nodesk as xy. All nodesk include the robot's | = 71 | |

. o R(Q)T =3 FoJnh)

dynamic stat&qynx, its inputsuy, and all progress

variablesx = [ty Xo;:::;Xn] Where (15)
where represents a quaternion multiplication,

[Xaynk:Uk; ks o k] fork 2 [0;N) P q g

Xk = _ _ R(q) the quaternion rotationm the quadrotor's
[Xaynn 3 n] for k= N: mass, and its inertia.

vV=g+

S

Based on this representation, we write the full

problem as Quadrotor Inputs

10 The input space given by and is further
(10) decomposed into the single rotor thrusis =

. ) o [T1; To; T3; T4]. whereT; is the thrust at rotor 2
subject to the system dynamics and initial constraipy. ». 3. 4g.
2

X = arg minty
X

Xier Xk dt frea(Xi;U) =0 Xo = Xinit ; 3 2 |:p 2T+ T, T3 Ti) 3
the input constraints T=450 5 and =4="2( T+ T+ Tz T,)°
Ti C(Ty T+ T3 Ty

Umn Ux O Uk Umax O (11) (16)

the progress evolution, boundary, and sequence con-
brog y a with the quadrotor's arm length and the rotor's

straints >
torque constant . The quadrotor's actuators limit
Kl Kkt =0 the applicable thrust for each rotor, effectively con-
o 1=0 =0 (12) strainingT; as

k 0 Jk L+l 0 8k2 [O; N ); J 2 [O; M ); 0 Tmin Ti Tmax: (17)






	Introduction
	Related Work
	Contribution

	Methodology
	Multiple Shooting Method
	Passing Waypoints through Optimization
	Progress Measure Variables
	Tolerance Relaxation
	Optimization Problem Summary
	Quadrotor Dynamics
	Approximative Linear Aerodynamic Drag

	Results
	Experimental Drone Platform
	Human Expert Pilot Baseline
	Trajectory Generation
	Timing Analysis

	Discussion
	Velocity and Acceleration Distribution
	Human Performance Comparison
	Tracking Error Considerations
	Convexity and Optimality
	Real-World Deployment

	Acknowledgments
	Appendix A: Preface: Time-Optimal Quadrotor Trajectory
	Point-Mass Bang-Bang
	Bang-Bang Relation for Quadrotors
	Sub-Optimality of Polynomial Trajectories
	Real-World Restrictions

	Appendix B: Simulation Experiments
	Initialization Setup
	Time-Optimal Hover-to-Hover Trajectories
	Optimal Time Allocation on Multiple Waypoints
	Initialization & Convergence
	Provoking Non-Convexity Issues
	Local-vs-Global Optimum
	Microsoft AirSim, NeurIPS 2019 Qualification 1

	Appendix C: Human Pilot Rankings

